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ABSTRACT. We prove there are no positive solutions with slow decay rates to
higher order elliptic system
AV u = |2]® P
(A" u=lafvr oy
(=A)" v =|z|°ul
1+ %
aF1
X(Qm(p—l—l)—l—a-‘rbp 2m(qg+1)+ag+b
pg—1 7 pg—1
Moreover, if N = 2m+1 or N = 2m+-2, this system admits no positive solutions

. } . . 1 1
with slow decay rates if p > 1, ¢ > 1, (p,q) # (1,1) satisfies s Sl i

. s 1 x
ifp>1,4¢>1, (p,q) # (1,1) satisfies Ttﬁf + >1— 2 and

)>N—2m—1.

_ 2m
1 N

1. Introduction. In this paper, we consider positive solutions (u > 0, v > 0) of
the following higher order Hénon-Lane-Emden type elliptic system
(=A)" u = |z|"vP
(=A)" v = o] ut
where p > 0, ¢ > 0,a > 0,b>0and N > 3. We are mainly concerned with the
question of nonexistence of such positive solutions.
The Hénon-Lane-Emden conjecture for polyharmonic system (1) states the fol-
lowing:

in RY, (1)

Conjecture 1. Let (u,v) be a pair of nonnegative solution of (1). If

N+a N+5b
+
p+1 q+1

> N —2m,

then u = v = 0.

For 1 < N < 2m, the conjecture follows directly from a growth estimate of
integral of |z|” vP and |z|” u? on ball of radius R (Lemma 1 of [4]). We shall focus
on cases N > 2m+ 1 in this paper. For the rest of the introduction, we shall review
some known results for case a = b = 0 and for case when at least one of a or b is
positive.
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1.1. Case a =b=0. When a =b = 0. (1) reduces to the well studied Lane-Emden

system
~A)"u=oP .
{ E*Aim v=us M RY. (2)

The conjecture then states that the curve p—il + L = N2m

g+1 = N

for existence and nonexistence of positive solutions of (2).
For m = 1,the conjecture was completely solved in the case of radial solutions

[9, 14, 16]. Mitidieri [9] showed that there is no positive radial solutions to (2) below

the curve ﬁ + qﬁ = % if p > 1, ¢ > 1; the condition p > 1, ¢ > 1 was later

relaxed to p > 0, ¢ > 0 by Serrin and Zou [14, 16]. Furthermore, it is proved by

Serrin and Zou [16] that there are infinitely many positive radial solutions above
1 i _ N=2 1 I _ N-2 s
the curve it = v Therefore i1t 7T = Tx serves as the dividing

curve for existence and nonexistence of positive radial solutions of (2).

The question for the general positive solution to (2), to the best of our knowledge,
has not been completely solved yet for n > 5. Partial answers have been given over
the years. Souto [18] proved nonexistence of positive C? solutions below curve

N—2

p—il + q_i%l = x—; when p, ¢ > 0. Felmer and de Figureiredo [6] showed that when

is the dividing curve

0<p,q< 82 and (p,q) (%, %) , (2) has no positive C? solutions. Further

evidence supporting the conjecture can be found in [10], where it is shown that there
exists no positive supersolutions to (2) below the curve

1 1 2 11
>0,¢>0: —+ ——=1-— ma , . 3
{p q Pl g+l N_2 X<p+1 q—|—1>} (3)

3 i i 1 4 1 _ N=2
We refer to (3) as S curve and the hyperbola in the conjecture At A= N

will be referred as Sobolev’s hyperbola throughout the paper. For 0 < p,q, if pg <1
2(p+1) 2(g+1)
pg—1 " pg—1
proved by Serrin and Zou in [15]. Direct calculation shows this is the same range
of (p,q) as region below and on S curve. Furthermore, Serrin and Zou [15] showed
(2) admits no positive solutions satisfying algebraic growth at infinity below the
Sobolev hyperbola when N = 3. For the special case min (p,q) = 1, the conjecture
was proved by C.-S. Lin [7]. Busca and Mandsevich [2] proved that if p,q > 0,
pq > 1,
N-2_ (2(p+1)’ 2(q+1)> < max (2(p+1), 2(¢+1)
2 pg—1 " pg—1 pg—1 " pg—1

or pg > 1 and max ( ) > N — 2, nonexistence of positive solutions was

)<n-2

and

2(p+1) 2(g+1) N-2 N-2
<pq1 " pg—1 >7é( 2 7 2 )

there exists no positive classical solutions to (2). Most recently, the conjecture was

fully solved in the case N = 3 by Pol4cik, Quittner and Souplet [13] and by Souplet

[17] when N = 4. Souplet also proved the conjecture when N > 5 under the

additional assumption that max (2155 j), 2}53'5)) >N —3.
Comparing to the Lane-Emden system for m = 1, less is known about the higher
order system (2) when m > 1. In the single equation case, Mitidieri [9] proved that

forl<g< %fiz, N > 4m, the problem

A2 = 9
(=AY’ u>0,s=1,2--- 2m—1
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in RY has no positive radial solution of class C*™ (RN ) . For the system case, it is
proved in [8, 20] that if N >3, N > 2m, if p>1, ¢ > 1,(p,q) # (1,1) satistying
1 1 2m
—F —>1— — 4
p+1 q+1 N 4)

then system (2) has no positive radial solutions. For general solutions, the results
in [8, 20] show that if p,q > 1, (p,q) # (1,1) satisfies

<2m(p+ 1) 2m(¢+1)
max )

pg—1 pg—1
then system (2) admits no positive solutions. It is also proved in [8] that system
(2) does not admit any positive solutions if
N +2m
N —2m’
Under the additional assumptions (—=A)u > 0, (=A)w > 0 for i = 1,2+ ,m — 1,
Yan [20] proved system (2) admits no positive solutions if pg < 1. Most recently,
Arthur, Yan and Zhao [1] proved there are no positive solutions for (2) if p > 1,

q > 1, pg > 1 satisfies (4) when N = 2m + 1, or N = 2m + 2. They also proved

2m(p+1) 2m(g+l) )
pg—1 7 pg—1

>2N2m,

1<p,qg<

the conjecture for same p, ¢ under additional assumption max (

N — 2m — 1, therefore generalized Souplet’s result to m > 1.

1.1.1. The case a # 0 and or b # 0. Liouville type theorem for (1) was first ap-
proached by Phan and Souplet [12]. Combining a measure and feedback argument
with Pohozaev identity, they proved nonexistence of positive bounded solution to
scalar Hénon equation
—Au = |z|*u? in R?

when 1 < p < 5+ 2a and a > —2, confirming the conjecture in the case N =
3,m =1,a =b> —2and p = ¢ > 1. Another result confirming the conjecture
in scalar case was proved by Cowan [3] where he showed nonexistence of positive
bounded solutions for m = 2, N = 5 provided 1 < p < 9 + 2a. Phan and Sou-
plet’s result was generalized to polyharmonic system (1) when m = 1 by Fazly
and Ghoussoub ( [5]) in dimension 3 and for m > 1 by Fazly [4] in dimension
N = 2m+ 1. Fazly also shows that (1) does not admit any positive solution (u,v) if

2m(p:;l‘~1'a+bp, Qm(q:;ztaq*'b) > N —2m. In fact, it is pointed out in [11] that

max (

(1) does not admit any positive solution (u, v) if max (2m(p+1)+a+bp 2m(q+1)+aq+b)

rg—1 ’ pg—1
> N — 2m by a similar argument as in [15]. Moreover, the following theorems are
proved by Phan when m = 1.

Theorem 1.1 (Theorem 1.1 [11]). Let a,b > —2 and N > 3. Assume pq > 1,
p > q. Assume

N+a N+b
+ >N —2. 5
p+1 g+1 (5)
Assume in addition that
N -2
Oga*bg 9
p—q
2 1) 2 1
X( (p+ ), (¢+ )>>N_3'
pg—1 " pg—1

Then (1) with m = 1 has no positive solution.
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Theorem 1.2 (Theorem 1.2 [11]). Let a,b > —2 and N > 3. Assume pg > 1,
p > q. Assume (5)and

N N
— 4+ —— >N -2, 6
p+1 qg+1 (6)
Assume in addition that
2 1) 2 1
max( (p+ ), (¢+1)
pg—1 " pg—1

)sn-s

Then (1) with m =1 has no positive solution.

For case a < 0, b < 0, Liouville type theorems for both integer and fractional
Laplacian have been obtained in [19].
In this paper, we prove the following Liouville type theorems for (1).

Theorem 1.3. N >3, N >2m,a>0,b>0, assumep>1,q¢>1,(p,q) # (1,1).
We have the following Liowville type result: If
N+a N+b

+
p+1 q+1

>N —2m (7)

and

<2m(p—|—1)+a—|—bp 2m(¢+1)+aq+b
max ,

pg—1 pg—1
the problem (1) has no positive solutions of class C*™ (RN) which satisfies slow
decay assumptions

>>N—2m—17

u (z) < C'min (|x|7a , 1) , v(z) < C'min (|£C|7ﬁ : 1) (8)

Moreover, when N =2m+1 or2m+2,ifp>1,q> 1, (p,q) # (1,1) satisfies (7),
(1) admits no positive solutions satisfying (8) .

Under stronger assumptions on p,q, we can remove the decay assumptions on
(u,v).

Theorem 1.4. N >3, N >2m, ifp>1,q>1,(p,q) # (1,1) satisfies

and

(2m(p—|— 1) 2m(qg+1)
max ,

pg—1 pg—1
the problem (1) has no positive solutions of class C*™ (RN) . Moreover, when N =
2m+1or2m+2, ifp>1,q>1, (p,q) # (1,1) satisfies (9), then (1) admits no
positive solutions.

>>N—2m—1,

The paper is organized as follows. Section 2 presents some technical Lemmas
as preparation, section 3 is devoted to the proof of Theorem 1.3 and Theorem 1.4.
Our proof of Theorem 1.3 relies on a Rellich-Pohozaev identity combined with an
adapted idea of measure and feedback argument in Souplet’s paper [17]. Proof of
Theorem 1.4 is based on an adapted idea of a doubling property Lemma from [13]
and Liouville theorems for (2).
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2. Preparations. When pqg > 1,we introduce the following notations
a_2m(p+1)+a+bp B_2m(q+1)+aq+b
pg—1 ’ pg—1
and assume « > (3 throughout the rest of the paper. The assumption
b
1+ % +1+ﬁ >N—2m
p+1 g+1 N

can be rewritten as
a+ >N -—2m.
For w e C (RN ) , we denote the spherical average of w by

1
@(7“):—/ w(r,8)ds, r >0,
WN JgN—1
where wy is the area of the unit sphere SN ~1.
We have following growth estimates.

Lemma 2.1. If pg = 1, there is no positive solution of (1). If (u,v) is a positive
solution of (1) and p,q > 1, and pqg > 1, there exists a positive constant M =
M (p,q,n) such that

a(r) < Mr=®,  T(r)<Mr ?  for r>0. (10)
and fork=1,--- . m—1, u, = (—A)]C U, Vg = (—A)kv, we have
(=A)Y'u>0, (=A)v>0 i=1,2--,m—1.
p(r) < Mr=o=2 g (r) < Mr P72k for r>o0. (11)
Proof. Lemma follows from the same argument as in proof of Lemma 3.3 in [20]. [
The following growth estimates was proved in [4].

Lemma 2.2 (Lemma 1 in [4]). Suppose that p,q > 1 and (u,v) is a positive solution
of (1). Then

[l ceryms [ e < cpyene, (12)
BR BR

where ¢ = ¢ (p,q,n).

As a direct corollary of Lemma 2.2, we have the following nonexistence result for
(1) . This was pointed out in [11] We write down the details for readers’ convenience.

Corollary 1. Ifp,q > 1 and max (a, ) > N —2m, (1) does not admit any positive
solution.

Proof. We only need to prove case max (o, ) = N —2m. Without loss of generality,
we can assume « > 3. Recall that for w > 0, Aw < 0, we have

w(z)>clz*N for |z| > 1.
Since
—Aug_1 = u,
it follows from Lemma 2.7 of [15] that
U1 > cruy, k=1,---,m—1.

Iteration then gives
a(r) > r*m =N forr > 1.
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Applying Lemma 2.7 of [15] to T for k =0,1,---m — 1 yields
T(r) > Cr?m+byd > Op?mtbyd > Cp2mtb-(N=2m)q

Therefore by (12)

R
Cz/ || vP 2/ pN—1tagp
Br 0
R R
2/ rN—l+a+2mp+bp—(N—2m)pq _ / T_ld’l" —InR
1 1

The first equality in (13) follows from assumption on « and identity

N—1l+a+2mp+bp—(N—2m)pg=—1+(pg—1)(a—N+2m)=—1.

Letting R goes to infinity in (13), contradiction.

We state the following interpolation inequalities and elliptic estimates.

(13)

Lemma 2.3 (L estimates on Bg). Given 1 < k < oo, R > 0, 2 € W?™F (Byp),

then

/ |D2mz|k <C / |Amz‘k _,’_R—ka/ ‘Z|k
BR\B% B2R\B% BQR\B%

Proof. Lemma follows from standard elliptic LP estimates for elliptic equations and

interpolation inequalities.

Lemma 2.4. Forany R>0,1=1,2,---m — 1,

/ |Vzul|§CR/ |ul+1|+CR’1/ || .
Br Bar Bar

O

Lemma 2.5. (Sobolev inequality on SN71) N > 2 j > 1,1 < u < XA < oo.

N—-1
nES
fuly < (| Dd], + 1 ).
here
1 1 j N-1
TR s A
-1
A=oc0 ifpu> .

We can prove the following growth estimates for u,v and their derivatives.

Lemma 2.6. Let

2m(p+ 1) (g+ 1) +alg+1)+b(p+1)
N 2mp (¢+1)+a+bp
2m(p+ 1) (g+ D) +alg+1)+b(p+1)
N 2mq (p+1) +aq+b

If bounded solution pair (u,v) of (1)satisfies the following decay assumptions

k

)

d

u(z) <Cla|™, v() < Clal™" for |2| > 1,

(14)
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then the following estimates hold forl =1,2--- ,m —1,

R
/ lug ()], P2 <N —o2, (15)
0
R
| @l ¥t <or-e (16)
0
R
/ | Do, PV~ dr <CrN-a-21, (17)
0
R
/ ||val||17"N*1dr §C7"N*5*2l*1, (18)
0
R k
(/ |D2mu|E N -1dr <CF (2R), (19)
R
2
R d
/ | D™, vV~ dr <CF (2R), (20)
R
2
R 1+e€
/ HDimUH1+€ TN_ldT SCRN—QTH,—O[+a€, (21)
0
R -
/ |D2™ o) o T dr <CRN 7RO (22)
0

Here
F(R):/ (12" 07+ + Jaf u* ) dr
Br

Proof. (15),(16) are restatements of Lemma 2.1. (17) and (18) follows directly
from Lemma 2.1 and Lemma 2.4. To prove (19), Lemma 2.3 implies

R k k
[zl ta= [ o
R/2 Br\Br/2
<C / |A™y|F +R*2m’“/ uk
Bar\Br/s B2r\BRr/4
- / |m|akvpk+R72mk/ uk
B2r\Br/a Bor\Bp 4
SC / |I|a1}p+1+R_2mk/ U/k .
Bagr Bar\BR/a

Here we used growth assumption (14) and identity

a(k—1)

pk—(p+1) =5
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Since pg > 1, it follows % < q+1 therefore pT'H < k < g+1. By Hélder’s inequality
and the fact that F'(R) > F (1) > 0, R > 1, we obtain

R—ka / uk
B

2R\Bp 4

k 1— Kk
_k_ i1
- b o+l _ bk
<CR 2mk (/ |$| uqul) |$‘ PR
Bar Bar\BRrya

<CR™2™p (QR)TT R
<CR*F (2R) (F (1))717}
<CR**F (2R),

where
N+b N

:—2 —_—_—— —_
X " q+1+k

We can write

x2mp+1)(g+1)+alg+1)+b(p+1)

N+4+a N+
=2m —)[N-2m—-a-8]+b(p+1)|N —2m— - —
v~ 1) 84+ 1) e 4E
Since
1+4 142
N +N>1_2ﬂ,
p+1 q+1 N
we have x < 0, and (19) follows. (20) is proved similarly by using (14) and
b(d—1)
qd—(q+1)

Lastly we prove (21).
R
HDmeuH1+6 rNldr <C \Amu|1Jrs + R~2m+e) ulte
1+e
0 Bar Bar

/ ‘x|a(1+e) Up(1+5)+R—2m(1+s)/ ul—i—a)
Bar Bar

e [ e remes [ )
Bar Bagr

<C (RN—zm—aJrae 4+ R2m(i+e) .RN,Q)

SCRN—2m—a+ae.

In the rest of the section, we prove a Rellich-Pohozaev identity.
We recall the following function defined in [9]

R, (u,v) = /Q [A"u (2, Vv) + A" (2, Vu)] dz,
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where Q@ C RN, u,v € C?" () ,n > 1. If n = 1, we have

Ry (u,v) :/ {gz (z,Vv) + g:; (z,Vu) — (Vu, Vo) (a:,n)} ds

+ (N - 2)/ (Vu, Vo) dx
Q
Ifn=2,
Ry (u,v) = Ry (Au,v) + Ry (u, Av) — B (u,v), (23)

where

B (u,v) = AulAv (z,n)ds — N/ AuAvdz. (24)
o9 Q
We quote the following Lemma from [9]

Lemma 2.7 (Lemma 2.2 in [9]). If u,v € C?" (), then for 1 < s <n-—2

=3 Rn_, (AFu, A7) ZR (1) (AFF Ly ASTFy) (25)

Remark 1. An immediate consequence of Lemma 2.7 is the following implicit form
of Rellich’s identity. If u,v € C?" (Q) , then

n—1 n—2
= Z Ry (Aku, A”fl*kv) — Z B (Aku, A”*Q*kv) . (26)
k=0 k=0

Proof. Choose s =n —2 in (25), taking into account of (23) and (24), (26) follows.
O

Write
Wt (r) = / Wt (r,0) df, oP (1) = / WP+ (1, 0) db,
SN-1 SN-1

we have the following Rellich-Pohozav identity.

Lemma 2.8. For any a; +as =N —2m, r >0

N a N+b
+a —a / || vPt da + N+O as / |$|buq+1dx
p+1 B, qg+1 B,

= ! Pt (p) PN 4 —

p+1
{Z - / oAby gAm i hy
gn-1 On on
m—1 m—2
— Z /SN . VAku VA 1=k S—Z TN/SN 1(Alﬁ'lu, Am_l_kv) ds

m—1 8A
+) 2m—2k—2+a1)rN*1/ 92 U Am—1=kygs
=0 SN-1 677,

m—1

m—1—k
+ (ag + 2k)rN =1 / MAku ds} .
=0 SN—1 871
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Proof. A similar Rellich-Pohozaev identity can be found in [4]. For purpose of later
estimates, we prefer to write our Rellich-Pohozaev identity with a slightly different
boundary terms on the right hand side. By (1)

(=1)™ Ry, (u, v) :/ (=)™ u (@) (2, Vo) + (—=A)™ v (2, Vu) do

B,

:/ P (z) (z, Vo) + u? (z) (x, Vu) dzx
B,

P+l u wd 1 b
:/6B P |z|* (z,n) + | |z|” (z,n) ds

N N+b
- —|—a/ 2| vP T de — + / 2|” uitdz
B, B,

p+1 g+1
:741_ 1vp+1 (r)yrVte 4 741_ luq+1 () PN+
p q

N a N+b
- —|—a/ || vadx—i/ |z|” uitda.
p+1 Jg, q+1 Jp,

To finish the proof, we follow the same argument as in proof of Lemma 2.8 in [1]
to estimate R,, (u,v) using (26) and integration by parts. O

3. Proof of the theorems.

3.1. Solutions with no decay assumptions. In this subsection, we prove if
the system (2) does not admit bounded positive solution, then (1) with same p, ¢
does not admit classical positive solution. More precisely, we prove the following
Theorem. From this theorem, Theorem 1.4 follows.

Theorem 3.1. Let N > 3,p > 1, g > 1 be fized, and assume (2) does not admit any
bounded nontrivial (nonnegative) solution in R, then (1) with same p,q does not
admit any notrivial (nonnegative) solution in RY, bounded or not. In particular,

the conclusion holds if N = 2m+1, or 2m+2 and 27;((]’:";1) + QYZéqfll) > N-—-2m—1.

The conclusion also holds when N > 2m +2 and p, q satisfies 2ot 4 2matl) o

pqg—1 pg—1
N —2m — 1 and max (Qm(pjil), Qm(qjl)) >N —-2m—1.
Pq Pq

Proof of Theorems 3.1 use an adapted idea of [13] (see also [12] for this adapted
idea for single equation case), which relies on the following Doubling property
Lemma and remark.

Lemma 3.2 (Lemma 5.1 [13]). Let (X,d) be a complete metric space, and let ) #
D C ¥ C X with ¥ closed. Set T'=X\D. Finally, let M : D — (0,00) be bounded
on compact subsets of D, and fix a real k > 0. If y € D is such that

M (y) dist(y,T') > 2k,
then there exists x € D such that
M (z) dist (z,T) > 2k, M (z) > M (y),

and
M (2) <2M (x) for all z € DN Bx(x, kM~ (z)).

Remark 2. (Remark 5.2 [13]).



LIOUVILLE THEOREM FOR HENON-LANE-EMDEN 817

(a): I T =0, then dist(z,T") = co.

(b): Take X = R", take Q an open subset of R, put D = €, ¥ = D; hence
I = 9. Then we have B(x,kM~! (x)) C D. Indeed, since D is open, implies
dist(z, D°) =dist(z,T) > 2kM " (z).

We first prove the following Lemma.
Lemma 3.3. Let § € (0,1]. Let ¢; € C° (By) satisfy
llcill s (E) <Oy andci(x)>Cy x€Bp,i=1,2

for some positive constants Cy, Ca. Assume (2) does not admit any bounded positive
solutions. There exists a constant C, depending only on §,C1, Ca, p, q, N, such that
any nonnegative solutions (u,v) of

(GRags wem

with same p,q satisfies
u(z) <C (1 + dist™ " (=, 8B1)) , T € DB

and
v(w) < C(1+dist™ (z,0B1)), « € By.
Here = 221230 2t

Proof. Assume the Lemma fails. Then there exist sequences (ug, vx), yx € By such
that (ug,vk) solves (27) on B; and

e
+
<

Q=
=~

Il
—_
n

Mk =Uu
satisfies
My, (yk) > 2k (1 +dist ™" (yx, 0B1)) .
By Lemma 3.2 and Remark 2, it follows that there exists x; € B; such that
M, (l‘k) > My, (yk) > 2k

and
My (2) < 2My (zy), for |z — x| < kMk_1 (zk) .
Define rescaling of (ug,vi) as follows
N =My ()
ay, (y) =Muk (Te + Ay) s Ok (y) = Aok (2 + Ary) syl < k.

We then have Ay — 0 and (ug,v) satisfies

(=Ay)™ Uk (y) =c1(y) %, (y)

(=Ay)" vy (y) =Car (y) . (y)
for |y| < k. Here

Eik (y) =C; (Ik:—i_)‘ky)a 1= 172
satisfies Cy < ¢ (y) < C; and for each R > 0, k > ko (R)
Gk (1) = Gk () < CL M (y = 2)° < Crlly—2)° for Jyl ]z <R (28)

By Ascoli-Arzeld theorem, there exists ¢; in ¢ (RN ) with ¢ > C5 such that ¢;;, — ¢;
in Cioe (RN) subject to a subsequence. Since A\ — 0, (28) implies limit functions
¢; are actually constants. We write the limit constants as [y, lo. Moreover, By
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standard elliptic L, estimates and Sobolev embeddings, we conclude that subject

to a subsequence, (i, 0x) converges in CZ7 (RY) to a (classical) solution (,v) of

(—Ay)™ U (y) =0L" (y)
(=A,)™ 0 (y) =lou? (y) (29)
in RN. Since
iy (0)+ 77 (0)=1
and
@ (y) + 57 (y) <2, when |y| < k.

We have @7 (0) + 9% (0) = 1 and @7 (y) + 7 (y) < 2. ie. (@.D) is nontrivial
and bounded solution of (29), contradicting the assumption for (2). In particular,
Liouville theorems for (2) implies the assumption holds when N = 2m + 1, or
o9m + 2 and 22t | 2mlatl) o N 9y 1. The assumption of this Lemma also

pg—1 pq—1
holds when N > 2m + 2 and p, g satisfies 272((1”:51) + 2725(1?) > N —2m —1 and
max (2m(p_+11)’ 2m(q_+11)) >N —2m—1. O
Pa Pq

Lemma 3.4. Assume (2) does not admit any bounded nontrivial nonegative solution
in RN . There exists a constant C = C (N, p,q,a,b) > 0 (independent of Q and (u,v))
such that the following holds.

i): Any nonnegative solution of (1) in @ = {z € RV : 0 < |z| < p} satisfies

w(z) < Cla|™ andw(z) <Clz|™?, 0<|z| < g

ii): Any nonnegative solution of (1) in Q= {z € R" : |z| > p} satisfies
u(z) < Cle|™ and v(z) < Cla|™,  |z| > 2p.
Proof. Assume either Q = {z € RN :0<|z|<p} and 0 < |zo] < £ or Q =
{z € RN :0< |z| < p} and |z > 2p. Let R = @, it then follows

|zol
2
So xg + Ry € © in either case. Define
U(y) = R%u (20 + Ry), V (y) = R°v(xo + Ry).
Then for y € By, (U,V) is a solution to
(AU =c(y)" VP (y)
(A" V =c(y)" Ut (y)

with ¢(y) = |y + 2¢|. Recall that |y + 2¢| € [1,3] for y € By and |c(y)[|c: < C.
Apply Lemma 3.3 we yield

< |zo +Ry|< % for y € By.

U(0)+V(0) <C.
From which it follows
u(zg) < CR™, v(x9) < CR™P,

the conclusion then follows. O
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Proof of Theorem 3.1. Assume (u, ) is a solution of (1) on RY (bounded or not).
Then for each g € RY and R > 0, by applying Lemma 3.4 in Q = B (z R), we
obtain

u(z9) < CR™®, w(z¢) < CR™P.
Letting R — oo, we obtain
U (IO) =v ('IO) = O;

therefore

O

3.2. Proof of theorem 1.3. We shall adapt Souplet’s idea [17] of a measure and
feedback argument combined with Rellich-Pohazaev identity. Lemma 2.8 implies

F(R) <CGi(R)+CG2(R),

where
GL R =S [ fuloni]ds
l:0 SN—l
and
m—1
Gy (R) = RV /SN 3 (| B ) (il + R o] ds
=0

Following Souplet’s idea, we shall prove there exist constants C, a > 0, b < 1 such
that

F(R) < CR “F"(R). (30)
It then follows
F(R)—0 as R— oo,
which implies
u=1v=0.
To prove (30), we follow a similar procedure as [17]. We shall first estimate G; (R)
and G (R) in terms of highest derivatives of the solution (u, v) and (u,v) in suitable
L, spaces. Then use a feedback and measure argument to evaluate those bounds in
terms of F'(R).
Stepl. FEstimation of Gy (R) in terms of suitable norms of D2™u(R) and
D?my (R).
Fix [ € {0,1,---m}, Holder’s inequality gives

[ o ds < el ol

where ai + 4 =1 is chosen so that
Lo
1 2m—-2] 1 2m — 21
- < <1— ,
k N—-1 "o — N -1
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Here

B 2mp(¢+1)+a+bp
2m(p+1)(g+1) +a(g+1)+b(p+1)
I 2mg(p+1)+aqg+d

d 2mp+1)(g+D)+alg+ D) +b(p+1)

Such o exists since by assumption,

)

T =

Nta N+b o N omsN—1-2m
p+1 q+1

Let
1 1 2m—201 N-2m+20—1
w k N-1'6& N-—1 ’
11 20 1 N-2-1
w d N-1'v¢%  N-1

Case I: v; > 0, w; > 0.
By Holder’s inequality, we have

laall, < lallyy leall
[om—illag < omillg2 om—lls, ™™ (32)
with
1 RZY 1—vyy 1 vy 1— vy
o 6w a U w

Applying Lemma 2.5, we deduce

s, <C (105" ]+ llally) < € (B2 D2+ el )
(33)

ludll,, <C ([[DF™ 2wl + lllly) < C (B 2HDZ" > w|,, + llwll,) . (34)
and

lom-tllyy < € (D3 vmlly o + lomeill) < € (B D20y + lomeally)
(35)

”Umlew,, <C (HDglUmled + ||vmfl||1) <C (Rzl HDilvmled + ||Um—l||1) - (36)
Combining (32),(33),(34),(35) and (36), we conclude

[ ullonadds <l fom-il,
SN-1

120
<CR>™ (HDim% 4 R2m2 Hul||1) E

u ||1+s

V21

D2+ R ) ™ (D2 + B o)

D2 v ]|+ R omlly) (37)

Case II: Either v; < 0 or w; < 0 but not both. We can take vy; =1 (if 9, < 0)
or vy = 1 (if w; < 0), it is easy to see that (37) still follows.



LIOUVILLE THEOREM FOR HENON-LANE-EMDEN 821

Case III: Both v, <0 and w; < 0. This is equivalent to

2m(g+1)4+aq+0d 2m — 21
2m(p+1)(¢+ D) +alg+)+b(p+1)~ N-1
and
2m(p+1)+a+bp 21
N1

2m(p+1)(g+1)+a(g+1)+b(p+1)

2m(p+2+q) +a(g+1)+b(p+1) o 2m
N-1

2m(p+1)(g+1) +a(g+1)+b(p+1)

which gives

Contradiction to pg > 1 and N > 2m + 1.
From (37) we obtain the following upper bound on G; (R).

Gy (B) < CRN2 Y { (|02 o+ B2 )
=0

(D2l + B2 ally) (D2 ey + BT ol )

V2

(D v+ B omeal) (38)
Step 2. Estimation of G2 (R) in terms of sutiable norms of D2™u(R) and
2m

D2y (R).
Fix € {0,1,2, -+ ,
/SN* (|t 11| + R i) (Jo7] + B Jui)

m—l}.Fori—Fﬁ%,:l,

< (Ithnmially, + B ltmeially,) (lefllgg + R il ) (39)
By Lemma 2.5 and Hoélder inequality,
R a1, CR™ (1Dgum 115, + i1l )
<C (IDatim-t-ally, + B il ), (40)
R il gy < CRT (I1Dguill gy + el ) < € (1Dl + B uilly) - (41)
By Lemma 2.5 for i = % — Lﬂ
||D5Eu’n’7,7l71le SC( ’DglJrlD:rumfllek + ||Dxum7l*1||1)
<C (R || D2 Dyu—ya ||, + |1 Dotimially) . (42)
1 1 2m—2[—1
and fOI' 07 =4 " N1
1Davrll,, <C (| D52 Dyur , + [ Dauilly)
(43)

<C (R*™ 21 || D22 D], + | Dail,)

For n, = %, K| = #T_nlﬁl, Lemma 2.5 implies

||D$Um—l—1Hm <C (HDgH_lD;cum—l—lHlJrE + ||D;cum—l—1||1>
<C (R2l+1 HDgl-'rlDwumfllel_i_s + ||Dwumfl71||1)
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and
_9ol—
|Dsulll,,, <C (Hng D[, + IIDzvzlll)
<C (RQm—Ql—l ||Dim_21_1Dw”lH1+s + ||Dmvl||1> .
Assumption ]I\)]_tf + —g_ﬁ > N — 2m implies % + U% < 1. Therefore we can pick

B =z € (1,00) in (39) such that

1 20+1 <l<1_21+1,

k N—-1"2z — N -1
1 2m—-20-1 1 2m — 20 —1
S S N e 44
d N -1 - 21 N -1 ( )

Case I: p; > 0, g; > 0. Hélder’s inequality gives

||Dmumfl*1Hzl S ||D$’U/m7l71||;;l HDzumflfl“;L)lleL
Ti1
<C (RQHl [ D3 Dattan—ia ], + \|D$um—l—1||1)
1_
. (R2l+1 HDil—i_lDa:umfl*lHk + ||Dxu'm’7l71||1) h

1
:CRQIJrl (|‘Dil+1Dwu7rL—l—1 H1+5 + Rinil ||Da:um—l—1 H1>

(D2 Dyt 1], + B2 Dot ly) T, (45)
where
1om 1o
2l m Pl
and

[ Dav]l,; < [IDavnll | Dgvll,, ™
= <R2m72l71 |DZ = Dy, + ||Dacvz||1>m
(R DD 4 D)
— O R2m—2-1 (||D§l+1D$UM—l—1H1+E 4 R2mA2l+l ”Dwvl||1)m

. (HD?gm_H_lDwled + R—2m+2l+1 HvalHl)l—Tzz 7 (46)

with

1 1 T2 177’2[
zl 2y R g
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Combining (40), (41), (42), (43),(45), (46) we have
[ Gl B i) (il R o)

< (el + B il ) (ol + BV )

<C (IDattm-1-1 ], + B amioall) (1Dl + B i)

<Cr™ - (| D24 Dyt i+ B Dyt lly + B2 g ally)
(| D2 Datt—i—a ||, + B2 |1 Dpttm—i—a [l + RT3 ||Um—z—1||1)1_m
(D2 Dot + B2 D]y + B2 o)

. (HDgl—‘rlDajum—l—IHd 4 R—2m+2l+1 ||DI’UZ||1 + R—2m+2l Hvl”)l—‘rzl ) (47)

Case II: 6; < 0 or p; < 0 but not both. We can take 7, = 1 (if p; < 0) or
o1 =1 (if 07 < 0), it is easy to see that (47) still holds.
Case III: Both o; < 0 and p; < 0. This is equivalent to
2m(g+1)+ag+b - 2m-20-1
2m(p+1)(g+1)+alg+1)+b(p+1) N-1

and
2m(p+1)+a+bp C20+1

2m(p+1)(g+1) +a(g+1) +b(p+1) >l=N—7

which gives
2m(p+2+q)+a(g+1)+b(g+1) Sg_ _2m
2m(p+1)(¢+1)+a(g+1)+b(p+1) N-1

Contradiction to pg > 1 and N > 2m + 1.
It follows from (47) that

G2 (R)

m—1
<ORY Y [ (il + B i) (el R o)
=0
m—1

SCRN+2m Z

=1
T11
{(HDngDwum—l—lHl+6 + R [ Dztim—1-1ll; + R™2 Hum—l—lH1>

: (||Dgl+1Dmum7171Hk + R_2l_1 HDzumflflnl + R_2l_2 ||um7171”1)177”
(221D, + B2 Dy + R )
- (|P2m D+ RT2HE Dy + R )T (48)

Step 3. Measure and Feedback argument.
We first define the following set

I3 (R) = {r e (R2R) : o ()|, > KR>m=e

T3 (R) = {re (R2R): fu(n)]|t > KR8~}
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9

{re (R,2R) : || D¥™u (r

)

{7’6 (R,2R) : |D2™v (r)|| > KR™NF (4R)

{7“ € 1Dzl
For fixed [ € {1,2,~ . ,m—l}
Psi (R) = {1 € (R,2R) : [fumy1-1 (1), > KR-2m710

1+e

1+e

)}

}

r € (R,2R) HDQm Iype > KR2metac),
> KR-2mAe )

Lo (R) = {r € (R,2R) : [[o; (r)ll, > KR™"~*'},
'z (R) = {7’ € (R, 2R) : ”Drum—l—1 (T)Hl > KR*&*?(mfl—1)71}’
Ts; (R) = {r € (R,2R) : | Dyv; (r)||, > KR™°72711.
From Lemma 2.2 we deduce

2R
cRN72m—a > / r o (r)|lp 7N dr > Ty (R)| KR RN,
R

which implies
1

1
‘FO (R)’ < 4m+8R

for K > 1. Similarly, we get
1
R
4m + 8

TS (R)| <

for K > 1.
To estimate I'1 (R), by (19) in Lemma 2.6,

2R
CF (4R) 2/ ||D§mu|{ZrN*1drz Ty (R)| KR™NF (4R) RN !
R

=|T1 (R)| KR™'F (4R),
From which it follows that for K > 1

r
T (B)] < 4m+8R
Similarly we deduce from (20),(21) and (22) in Lemma 2.6 that
1 1 1
r — r — r —
02 (R) < bR T () < ek (R < LR

By (15) in Lemma 2.6,
2R
CRN—a—Q(m—l—l) > / ||umfl71||1 TN_ld’r’ > ‘]_-\5[ (R)| KR_(!_2(m_l_1)RN_1,
0

which gives

1
s (R R
Tat (R) < 5
when K > 1 and similarly (16), (17) and (18) implies
1 1 1
r — r — r
Per (R)] < =g By [Tn (R)] < e By [Us (R)] < oo
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when K > 1. In particular, when K > 1,
L(R) = (R, 2R)\ { U2 T (R) UL, T (R) UPS U T (R) | # 0.
Pick R € ' (R), by (38) together with the observation that
U = |2|* VP, O = || ud,

we have

¢ (R) <CRNZ/ ] [mi]

DN+2 2m—21
<CR m;{(upﬁ

(D22t B2 )

) 21 52l val
(193 ot o+ B ol

~ 1-v
: (Hchlvmszd +Rr ||vmfz||1) 21}

ae—| (27n+u)

v

wlyy B2 )

1—vyy

1—v

<CRNM S (RIS (RN P (aR)) (R p2m) ™

=0
1—v
: (R—%F(m)é +R—2m—ﬁ) }

<CRF® (4R),

with
a=a.
2m+a—ae 2m+ B —be N
— min{-N—2 . Y-
mlm{ Mt szJrk( l/11)+d( vai)}s

~ 1 1

= —_ 1_ _ 1_ .

b mlaxk( Vll)+d( V1)

On the other hand, we have

Gs (é)
SCRN+2m

m—1

’ Z {(||D2l+1D:cum—l—1||1+€+R72l71 HDafum—l—lnl + R72l72 Hum_l_1\|1>

T11

(D2 Dl + B Dt + B2 gl
(HDQm 21-1p, ”l||1+g © R2HHL | Dy, 4+ RO2H ||Ul||1)

T21

(HDzm 21— 1Dw'UlHd+R_2m+2l+1 HDa:UlHl + R 2m+21 ||U H )1—721}
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SCRNJer
m—1

S (Il + B2 Dl R )
=1

(1DZ" ]|, + B | Dot sy + B e ly) 7

T21
D2, + B2 Dy + B2 )

UHHs
. (Hngde _’_R72m+2l+1 HDrle1 + R72m+2l ”,UlHl)l*T?l}

SCRN+2m
m—1
. Z {(R% 4 p-2-1R-a—2(m—i-1)-1 +R—2z—2R—a—2(m—z—1))T”
1=1
] (R—N/kF% (4R) + R2-1p-a—2(m-l-1)-1 | R—2l—2R—a—2(m—l—1)>1_Tll

. (R%mw) | RA-1R-B-2(m—l-1)-1 | R—zz—QR—ﬁ—z(m—l—n)T”

. (R—N/dFé (4R) + R2A-1R—B-2(m—1-1)-1 +R—2l—2R—B—2(m—l—1)>1Tm}

<CR™F" (4R).

Here

:aa

2m+a—ae 2m—+ LB —be N N
e e
Tre T+ e Tt (1—71)+ P (I—720)}

= mlin{—N—2m—|—

and ~ 1 )
b:m?XE(1—711)+g(1—Tgl).
We claim that there exists a constant M > 0 and a sequence R; — oo such that
F(4R;)) < MF (R;).
Otherwise for any M > 0, there exists Rp; such that for R > Ry,
F(4R) > MF (R).
Since (u,v) is bounded, we have F(R) < CRY, R > 0. Thus
M'F (Ry) < F (4°Ry) < CRY, (4V)".
Contradiction for i large if M > 4V,
Assume we have shown a = a, = min (@; ,a:) > 0, b = b, = max (3, 5) <1, we
have
F(R;)) <CR“F"(4R;) < CM"R™“F"(R;),
which gives
F(R)<CR; ™7,
Letting ¢ — oo, we deduce that

/ [|3:|a ultt 4+ |x|bvp+l} dx =0,
Rn
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hence u = v = 0, a contradiction.
Step 4. If a > N —2m —1, then b,b < 1 and @z,a, > 0 for ¢ < 1.

~ 1
First we show a. > 0, b < 1. Since vy; = (6% 1) (i —%), Vo =

" ag

Wi wy o wy

—1 ~
(i - i) (i, — i) , to show b < 1, we need to show for all [,

1 1 o~ ~
- (1—vy) + y (1 —va) = pAu + qAy
_(N—-2m+2l—-1 1 (1 21
_ - = - 1. 4
p( N1 al)+q<al N1)< (49)
Here
~ 2mp(g+1)+a+bp _ 2mq(p+1)+ag+b

2m(g+1)+ag+0b’ 1= 2m(p+1)+a+bp’
It then follows that

p+1 qg+1
Pt g_2td
p q
And
a>f
implies
p=>q.
‘We have
1 2m(p+1)+a+bp

7+1 2mp+1D(g+1)+a(g+1)+b(p+1)

~ 1 N-2m+2l-1 1
A = — 1— = _ —
11 = ( Vll) < N _1 Oél)7

~ 1 1 21
Ay=——-(1—vy)=————).
21 q~+1( var) (al N—1>

(49) is equivalent to

N-2m+20—-1 _ 2 -
mt - —1< P79 (50)

N_-1 N7 o

Recall oy is chosen to satisfy (31). Such a; € (1,00) satisfying (31) and (50)
exists provided

(Lm0 2 N om0 12 (51)
kT NZ1N 1 N—-1'G+1 N-1

and N -2 20— 1 21 2 2l
N —2m 420 — ~ ~ m —
A i< (-5 e
N-2m+4+20—-1 _ 2 . 1 21
- -1 — — . 53
N_-1 Iy—qp 1<0 a)(q+1+N—1) (53)
(51) follows from the assumption that N > 2m + 1 and
1+4 142 2m 2m
-1 =20
p+l T grl TN T TN
(52) is equivalent to
N—-1-2m
— <1

N -1 ’
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which follows from
7< 20+
p+1
And (53) can be rewritten as
N-2m—-1_ p+1
P<="7
N-—-1 g+1

_1+2m<1+ 2m _ N -1
o a N—-2m—-1 N-1-2m’

which is equivalent to
a>N-—-2m-—1.
Finally, since
Cm+a)(k—1)=8, @m+p8)(d-1)=aqa,
we can write for each [

_ N N
aol:—N—2m—|—(2m+a)1/11+(2m+ﬁ)l/21+?(1—uu)+g(l—1/21)

=2m—N+a+pB+(N—2m—a-—§) (5211+q~221)

=@m—N+a+p) (1- Ay - i)
>0.

It then follows ag > 0, thus a, > 0 for ¢ < 1.
Secondly we show a; > 0, b < 1. This can be shown in a similar way as az, b.

-1
We write all details for readers’ convenience. Since 7; = (% — i) (Z% — i) ,

-1 _
To; = (i — i) (i — i) , to show b < 1, we need to show for all [,

Ky o1 z] o7

1 1 ~ ~
%(1—7'11)-1-&(1—7'20ZpAu-i-qAQz
N-20-2 1 1 2m-21-1
—5 - jl= - =——=- 1. 4
p( N-1 zl>+q<zl N-1 >< (54)
Here we used
1 N-21-2 1
Ay=—(1-— == - _ -
1 5+1( 1) ( N1 Zz)’
1 1 2m-2[-1
Ay = 1-— =l-—-—
21 q~—|—1( Ta1) <Zl N_1 >
(54) is equivalent to
N—-20-2 2m—2—1 P—q
— -1 . 55
PPN=1T TN S (55)

Recall z; is chosen to satisfy (44). Such z; € (1, 00) satisfying (44) and (55) exists
provided

(P AL 2mo2—1y 24l 1 om—2-d
\pr1 N1 N-1 ) S N_1q+1 N_1
(56)

and
N-=-20-2 2m-2l-1 ~ 20+1
R ‘1<<P‘®(1‘N_1>’ 57
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N —-2]—-2 2m — 20— 1 1 2m — 20— 1
_ . 1< (5
PN T1 TN < ED( +1 T N1 ) (58)
(56) follows from
a b
1+N+1+N 1_27m>1_27m
P+l g+l N N—-1
(57) is equivalent to
_N—-1-2m 1
N-—-1 ’
which follows from
- _pl@g+1) 2m 2m N -1
<PMTD 2 = :
=51 R S o Rty v gy

And lastly (58) can be rewritten as
N-2m—-1_ p+1
D<=1T7:
N -1 q+1

which is equivalent to
a>N-—-2m —1.
Finally, for each [
Gy =—2m— N+ (2m+a) (1 - (F+1)Ay)
+(2m+B) (1 —(q+1) Ay) + NpAy + NgAy
=2m—-N+a+ 8+ (N—-2m—a-03)(pAy + qAy)
=(2m—N+a+ ) (1 —-pAy — GAy)
>0.
It then follows ag > 0, thus a; > 0 for ¢ < 1.
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