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ABSTRACT. We prove there are no positive solutions to higher order elliptic

system
(=A)"u=vP . N
{ (—a)"w=ur MF
ifp>1¢g > 1, and (p,q) # (1,1) satisfies pﬁ + qul > 1 - QTW and

max (iﬂgt}), Zégti)) > fo;nfl. Moreover, if N =2m + 1 or N = 2m + 2,

this system admits no positive solutions if p > 1, ¢ > 1, (p, q) # (1, 1) satisfies
1y 1o 2m

p+1 T g+l N
1. Introduction. In this paper, we consider positive solutions (u > 0, v > 0) of
the following higher order elliptic system
(—A)"u=0P . N
{ (=A)" v =ul in R7, (1)
where p > 0, ¢ > 0 and N > 3. We are mainly concerned with the question of
nonexistence of such positive solutions.
When m =1, (1) becomes the Lane-Emden system

Au+vP =0 .
{ Av+ui=0 RY. )
It has been conjectured that the curve ﬁ + qul = % is the dividing curve

for existence and nonexistence of positive solutions of (2). The conjecture was com-
pletely solved in the case of radial solutions [5, 8, 10]. Mitidieri [5] showed that
there is no positive radial solutions to (2) below the curve ﬁ + qﬁ = % if
p > 1, g > 1; the condition p > 1, ¢ > 1 was later relaxed to p > 0, ¢ > 0 by Serrin

and Zou [8, 10]. Furthermore, it is proved by Serrin and Zou [10] that there are

infinitely many positive radial solutions above the curve ﬁ + q% = % There-
fore, ﬁ + q% = % serves as the dividing curve for existence and nonexistence

of positive radial solutions of (2).
The question for the general positive solutions to (2), to the best of our knowl-
edge, has not been completely solved yet. Partial answers have been given over
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the years. Souto [12] proved nonexistence of positive C? solutions below the curve

p—il + q% = 8=2 when p, ¢ > 0. Felmer and de Figureiredo [2] showed that when
0<p,g< 2 and (p,q) # (%7 %) , (2) has no positive C? solutions. Further

evidence supporting the conjecture can be found in [6], where it is shown that there
exists no positive supersolutions to (2) below the curve

S0,g>0: — 4t g2 LI 3)
) P —t——=1- max , .
p=a P+l g+l N2 P11 g+1

N—=2

We refer to (3) as S curve, and the hyperbola in the conjecture ﬁ + qﬁ =5

will be referred as Sobolev’s hyperbola throughout the paper. For 0 < p,q, if pg <1
2(p+1) 2(g+1)
pg—1 7 pg—1
proved by Serrin and Zou in [9]. Direct calculation shows this is the same range of
(p,q) as region below and on the S curve. Furthermore, Serrin and Zou [9] showed
(2) admits no positive solutions satisfying algebraic growth at infinity below the
Sobolev hyperbola when N = 3. For the special case min (p,q) = 1, the conjecture
was proved by C.-S. Lin [3] . Busca and Mandsevich [1] proved that if p,q > 0,

pg > 1,

N -2 2 1) 2 1 2 1) 2 1
gmin< (p+1) 2(a+ ))<max( (p+1) 2(g+1)
2 pg—1 " pg—1 pg—1 pg—1

or pg > 1 and max ( ) > N — 2, nonexistence of positive solutions was

)<NZ

and

pg—1" pg—1 2 72
then there is no positive classical solutions to (2) . Most recently, the conjecture was
fully solved in the case N = 3 by Polacik, Quittner and Souplet [7] and by Souplet
[11] when N = 4 . Souplet also proved the conjecture when N > 5 under the

additional assumption that max (2(p+1) 2(q+1)) >N — 3.

<2(p+1) 2(q+1)>7é(N—2 N—2>’

pg—1 " pg—1
Comparing to the Lane-Emden system, less is known about the higher order
system (1) . In the single equation case, Mitidieri [5] proved that for 1 < ¢ < %fﬁn”z,
N > 4m, the problem

A2y =4
(=AY’ u>0,s=1,2--- 2m—1

in RY has no positive radial solution of class C*™ (RN ) . For the system case, it is
proved in [4, 14] that if N >3, N >2m, if p> 1, ¢ > 1,(p,q) # (1,1) satisfying
1 n 1 -1 2m
p+1 gqg+1 N’
then system (1) has no positive radial solutions. For general solutions, the results
in [4, 14] show that if p,q > 1, (p,q) # (1,1) satisfies

<2m(p+ 1) 2m(g+1)
max ,

pg—1 pg—1
then system (1) admits no positive solutions. It is also proved in [4] that system
(1) does not admit‘ any positiveAsolutions ifl<pg< %fgz Under the additional
assumptions (—A)'u > 0, (—A)'v > 0fori =1,2--- ;m—1, Yan [14] proved system
(1) admits no positive solutions if pg < 1.

In this paper, we prove the following improved Liouville type theorem.

)ZN—Qm,
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Theorem 1.1. N >3, N >2m, ifp>1,q>1,(p,q) # (1,1) satisfies
1 1 2m
—t—>1-— 4
p+1 g+1 N 4)

and

(2m(p—|— 1) 2m(g+1)
max ,

pq—1 pq—1
then the problem (1) has no positive solutions of class C*™ (RN). Moreover, if
N=2m+1or2m+2,p>1,q>1, and (p,q) # (1,1) satisfies (4), then (1) admits
no positive solutions.

>>N—2m—1,

The paper is organized as follows. Section 2 presents some technical Lemmas
as preparation, and Section 3 is devoted to the proof of Theorem 1.1. Our proof
relies on a Rellich-Pohozaev identity combined with an adapted idea of measure
and feedback argument in Souplet’s paper [11].

2. Preparations. When pqg > 1,we introduce the following notations

_2(p+1) _2(q+1)
Copg—17 7 pg—1
and assume « > 3 (i.e. p > ¢ ) throughout the rest of the paper. The assumption
1 1 N —2m

+ >
p+1 g+1 N

can be rewritten as ma+mpg > N —2m. Forw € C (RN) , we denote the sphearical
average of w by

E(T)——/ w(r,8)ds, r >0,
SN-1

= o
where wy is the area of the unit sphere SN ~1.
We quote the following growth estimates from [14].

Lemma 2.1. (Lemma 2.5 and Lemma 3.3 [14]) If pq = 1, there is no positive
solution of (1). If (u,v) is a positive solution of (1)and p,q > 1, and pq > 1, there
exists a positive constant M = M (p, q,n) such that

w(r) < Mr—™, T(r) < Mr~™  for r>0. (5)
and fork=1,--- . m—1, u, = (—A)k U, Vg = (fA)kv, we have
(-AYu>0, (-AYv>0,i=12" -, m—1
Up (r) < Mr=™e 72w (r) < MeTPTPR for > 0. (6)

Lemma 2.2. (Lemma 8.4 [14]) Suppose that p,q > 1 and (u,v) is a positive solution
of (1). Then we have

/ wl < cRN—2m—m6’ / P < C]%N—an—moz7 (7)
Br Br

where ¢ = ¢(p,q,n) .

We state the following interpolation inequalities and elliptic estimates.
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Lemma 2.3. (LP estimates on Br) Givenl < k < 0o, R > 0, and 2 € W*™F (Byp),

then
/ D>z < ¢ (/ |AmZ|’“+R*2mk/ |z|k>.
Br Bar Bar

Proof. Lemma follows from standard elliptic LP estimates for second order elliptic
equations and interpolation inequalities. O

Lemma 2.4. Forany R>0,1=1,2,---m — 1, we have

/ |unl|§CR/ |ul+1|—|—CR_1/ ]
Br Bor Bar

Lemma 2.5. (Sobolev inequality on SN=1) Let N >2,7>1,1<pu< X< oo be
such that u # %, and w € WIA(SN=1) | then

fuily < (| g, + 1o ).

where
1 1 i N-1
_ — 7 < ,
TR No1 s
N -1
A = o0 ifpu> —.

Lemma 2.6. For any R > 0, the following estimates hold for 1l =1,2--- 'm —1:

R
/ ||7-Ll (7")”1 TNfldT. S CTmeoc72l, (8)
0
R
/ o (M)l PN~ < CpN =2 o)
0
R
/ | D[ rN=ldr < opN—ma—2i-1 (10)
0
R
/ ||Dg;1)l||1 rN-1ldr < CTme,szlfl’ (11)
0
f k
/ | Dz ul[y ™ dr < CF (2R), (12)
0
r d
/ |z l[gr™ " dr < CF (2R), (13)
0
R .
[zl < opy-amn "
0
" 1+e
[ Dz ar < crrann, .
0
where
1 1
k = ]i, d = i7 and F(R) = / [,U;D+1 + uq-‘,—l] d,]]
p q .
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Proof. (8),(9) are restatements of Lemma 2.1. (10) and (11) follows directly from
Lemma 2.1 and Lemma 2.4.
To prove (12), Lemma 2.3 implies

R
[ipzmaprtar = ol
0 Br

C (/ |Amu|k + R_zmk/ uk>
Bor Bar

C vp+1+R—2mk/ uk
Bar Bar

IN

By Holder’s inequality and the fact that k = 221 < ¢+ 1, F(R) > F (1) > 0,
P
R > 1, we obtain

p+1

R—ka/ uk < OR—kaRNipp(gli) (/ uq+1> p(g+1D)
Baogr Bar
X p+1
< CR »F (QR) p(a+1)
< CR¥F(2R)(F (1)
< CR *F(2R),
where
pq—1
=2m(p+1)— N .
X (r+1) |
Since
1 n 1 o1 2m
p+1 qg+1 N’

we have x > 0, and (12) follows. (13) is proved similarly.
Lastly we prove (14).

R
/ | D2 SN e < C (/ | ATyt +R—2m<1+f)/ u1+5>
0 ) Bar Bar
- C (/ vp(1+a) +R—2m(1+5)/ u1+e)
Bar Bar
< c ( / oP 4 B2+ / u>
BQR B2R
< C (RN—mpﬂ + R—277l(1+6) . RN—ma)
< CRN-mpB,

Here we used the boundedness of u and v in the second inequality (the bounded-
ness can be see from Theorem 3.1 in Section 3), and the fact a + 2 = pg in the last
inequality. (15) is proved similarly using the boundedness of u,v and 542 = ga. [0

In the rest of the section, we prove a Rellich-Pohozaev identity. We recall the
following function defined in [5]

R, (u,v) = /Q [A"u (2, Vv) + A" (2, Vu)] dz,
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where @ C RN, u,v € C?" () ,n > 1. If n = 1, we have

R (u,v) = /69 {gz (z,Vv) + g—z (z, Vu) — (Vu, Vo) (:mn)} ds

(N —2) /Q (Vu, Vo) da.

If n =2, we get
Ry (u,v) = Ry (Au,v) + Ry (u, Av) — B (u,v), (16)
where

B (u,v) = / AuAv (z,n)ds — N/ AuAvdz. (17)
o Q

We quote the following Lemma from [5].

Lemma 2.7. (Lemma 2.2 in [5]) If u,v € C*" (), then for 1 < s < n —2, we
have

s—1

R, (u,v) = ZRn_s (Alu, As_lv) - Z Ry (s41) (A“’lu, As_lv) . (18)
1=0

=0

Remark 1. An immediate consequence of Lemma 2.7 is the following implicit form
of Rellich’s identity. If u,v € C?" (Q) , then

n—1 n—2
Ry (u,v) = > Ry (Alu, A" h) = 3" B (Alu, A7) (19)
1=0 1=0
Proof. Choose s = n — 2 in (18), taking into account of (16) and (17), then (19)
follows. O
Let’s write

wlt (r) = /SN—1 u?™ (r,0) do,

PPt (r)y = /SN?1 ian (r,0)db,

We have the following Rellich-Pohozav identity.
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Lemma 2.8. For any a1 + a2 = N —2m, r > 0, we have

el Ay
2 _ 2 _ 2 N*l/ Amflfl

+ ; (2m — 21 +ay)r v O ds

m—1
Am—l—l
+ (ag +21) rN_l/ uAlu ds}.
SN-1 3n
1=0
Proof. By (1), we have
(=)™ Ry (u,v) = / [(=A)" u (z) (x, Vv) + (=A)" v (x, Vu)] dz

r

= / [vP (z) (x, Vv) + u? (2) (z, Vu)] dx
B,

Pl udtt
r,n)+ x,n)| ds
/BBT { () g+1 ( )}

p+1
—L Up'de _ i/ Uq+1dx
p+1Jp, g+1Jp,
1 1
= 71}174’1 (7,) ’I"N + 7uq+1 (7“) 7A]\/'
p+1 q+1
_L ,Up-‘rldx _ L / ’U,q+1dl‘_
p+1Jp, g+1Jp,
By (19), we have
m—1 m—2
Ry (u,v) = Z R’y (Alu,Amflflu) — B (AZU,A"“Z*I@)
1=0 1=0

3323
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m—1
+ (N —2) Z /B (VAZU,VAm_l_lv) dx
1=0 7 Br

m—2
- Z / (Al+1u,Am_1_lv) (z,n)ds
1=0 /9B,
m—2

+N > / (A, A1) da,
1=0 “Br

Use integration by parts, we have

OAy

(20)

/ (VAlu,VAm_l_lv) dx:/ 7Am_1_lvds—/ (AlHu,Am_l_lv) dux,
B, 2B, 0 B

B, ON

r

Then we can rewrite (20) as

m—1 l m—1—1
Ry (u,v) = / {MU (z, VA™ 1 ly) + 9" T
9B,

m—2
- / (Al'Hu AmTL lv) (z,n)ds
1=0 7 9B
m—1
+(N-2) / 08 Y Am=1=lygs
= Jos, On
m—1

=0 B, 571
m—1

- Z /OB (VAlmVAm_l_lv) (z,n)ds
1=0 v
m—2

- / (A, A1) (z,m) ds
OB,

m—1

Al

+ (N —-2) Z / %Am_l_lvds
1—g Y O0Br

m—1
—-N (A", v) dx + 2 Z / (A, AT ly) da,
v 1=0 ’Br

B

(21)
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Recall

/ (A“‘lu, Am_l_lv) dx—/ (Alu,Am_lv) dx
B, B

l m—1-—1
= / [8A SAm=1-ty e UAZU] ds.
9B, on on

It then follows

B 1=0 i=0”9B
m—1 1 :
aAmflfz,U
—E E / 5 A'u ds,
n
1=0 i=0"”9Br

and

From (22) and (23) we deduce

o oAl
N -2 / A lyds — N/ A"y, v)dx
w-23 [ 5 @

m—1
+22/ (AHlu,Am*l*lv)daj
1=0 /Br

1=0 i=0”9Br
m—1
0A'u
N -2 A lyd
+( ) ; /83T o vds
m—1 1 m—1-—1
-N / [aA uAm =Ly oA vAlu} ds
aB. | On on

3325
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m—1
oAl OA™ 1=y
+2 E - Ay, T Al
(m l)/aB { o v o u} ds

m—1
OAFu aAmll l
—22_:/ oA uds+NZ/ ————Aluds

0B,

m—1
A Amflfl
tay Z/ l:a AT~ 1— l MAZU,:| ds

e OB 3n 8n
m—1
ANy HA™ 1y,
2 —1 JANG Ot P —, ) 7Y |
+ ; (m )/aB { o v o }u s

A Am 1— l
—22/ 9 uAm 1= lvds—l—NZ/ Aluds

_ /B (A", ) — a /B (u, A™)

r T

!
+ (2m -2l —2+aq) / o4 Y Am=1-lygs
1=0 o, On
m—2
Amflfl
+ (N—2m—|—21—a1)/ uAluds
OB on
1=0 v
= —al/ (A uv)—ag/ (u, A™v)
B, B
m—1
OAly
+ 2m -2l —-2+a / —— Ay
; ( 1) o5, On
m—1 m—1-1
+ (az + 2l)/ MAluds. (24)
5B on
1=0
Hence, the conclusion follows from (21) and (24). O

3. Proof of the theorem.

3.1. Bounded solution. In this subsection, we prove that if the system does not
admit bounded positive solutions, then it does not admit classical positive solutions.
More precisely, we prove the following Theorems regarding bounded solutions.

Theorem 3.1. Let N > 3,p > 1, g > 1 be fized, and assume (1) does not admit any
bounded nontrivial (nonnegative) solutions in RN | then it does not admit any non-
trivial (nonnegative) solutions in RY, bounded or not. In particular, the conclusion

2 1) 2 1 N +2
holds if max m (p + ), mg+1) >N —2m or if1<p,q<7+ o
pq—1 pq—1 N —2m

Theorem 3.2. Let p,q > 1. Assume (1) does not admit any bounded nontrival
(nonnegative) solutions in RN . Let Q # RN be a domain of RN. Then there exists
C = C(N,p,q,m) > 0 (independent of 1, u and v) such that any (nonnegative)
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solutions (u,v) of (1) in Q satisfies
u(x) < Cdist™™ (x,00), x € Q,
and
v(z) < Cdist™ ™ (z,00), z €.
If Q is an exterior domain, that is Q D {z € RN : |z| > R} for some R > 0, then
it follows that
u(z) <Clz|™™, |z| > 2R,
and
v(z) < Cle|™™, |z| > 2R.
2m(p+1)7 2m(q+1)> SN
pg—1 pq—1

In particular, the above conclusions hold if max (
N +2m
N —2m’

Proofs of Theorems 3.1 and 3.2 use idea of [7] in the case of m = 1, which relies
on the following Doubling property Lemma and remark.

2m or if 1 <p,q<

Lemma 3.3. (Lemma 5.1 [7])Let (X,d) be a complete metric space, and let ) #
D C ¥ C X with X closed. Set T'=Y\D. Finally, let M : D — (0,00) be bounded
on compact subsets of D, and fiz a real number I > 0. If y € D is such that
M (y) dist(y,T') > 2,
then there exists x € D such that
M (x) dist (x,T) > 21, M (z) > M (y),
and
M (2) <2M (x) for all z € DN Bx(z,6M " (z)).

Remark 2. (Remark 5.2 [7]).

(a): I T =0, then dist(z,T") = oco.

(b): Take X = R", take Q an open subset of R, put D = €, ¥ = D; hence

[ = 09Q. Then we have B(x,IM~! (z)) C D. Indeed, since D is open, implies
dist(z, D) =dist(z,T) > 2IM 1 (z).

Proof of Theorem 3.2. Assume the theorem fails. Then there exist sequences €,
(ur,vg), yi € Q such that (u;,v;) solves (1) on ; and

1

My = ue —i—vl"%ﬁ, 1=1,2,---
satisfies
M (yr) > 2ldist ™ (y, 00) .
By Lemma 3.3 and Remark 2, it follows that there exists x; € €; such that
M (z;) > 21dist ™" (7, 09)

and
M, (Z) < 2M; (.’)Sl) , |Z — £L‘l| < lel (a:l) .
Define rescaling of (u;,v;) as follows
A= Ml_l ()
W) = N (o), ) =A@+ ),y <1
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Since o+ 2 = pf, B+ 2 = qu, (U, ;) satisfies
(=Ay)"w(y) = 7 (y)
(A" uly) = ' (y)

for |y| <. Moreover,
1

1
T (0) + 377 (0) =1

and ) .
et )+ (W) <2yl <l
By standard elliptic L,, estimates and Sobolev embeddings, we conclude that

subject to a subsequence, (1;,0;) converges in CZ™ (RV) to a (classical) solution

(@.3) of (1) in R™. Moreover, s (0)+0m7 (0) = 1 and Gma (y) + 077 (y) < 2. ie.
(@ v) is nontrivial and bounded, contradicts to the assumptions of the theorem. In
2 1) 2 1 N +2
m(p+ ), m(g+1) >N-—-2mor ifl <p,q< ﬁ7
pg—1 pg—1 N —2m
Liouville theorems in [4] and [14] implies the assumptions in the theorem hold. O

particular, if max

Proof of Theorem 5.1. Assume (u,v) is a solution of (1) on RY (bounded or not).
Then for each zo € RY and R > 0, by applying Theorem 3.2 in Q = B (z R), we
obtain
u(zo) < CR™™, v (x) < CR™™P.
Letting R — oo, we obtain
u (o) = v (x9) =0,
therefore

O

3.2. Proof of theorem 1.1. We shall adapt Souplet’s idea [11] of a measure and
feedback argument combined with Rellich-Pohazaev identity. Lemma 2.8 implies

F(R) <CGi(R)+CG2(R),

where m
G, (R) = RN Z/ |ul| |'Um—l| ds
-0 SNfl
and
m—1
G2 (R) = RN/ Z (’u/mfl71| + R um—i-a) (Joil + R |ui]) ds.
SN—l l:0

Following Souplet’s idea, we shall prove there exist constants C, a > 0, b < 1 such
that

F(R)<CR “F’(R). (25)
It then follows

F(R)—>0 as R— oo,
which implies

u=1v=0.

To prove (25), we follow a similar procedure as [11]. We shall first estimate G (R)
and G (R) in terms of highest derivatives of the solution (u, v) and (u,v) in suitable

L,, spaces. Then use a feedback and measure argument to evaluate those bounds in
terms of F (R).
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Step 1. Estimation of G; (R) in terms of suitable norms of D2 (R) and D2™v (R) .
Fix € {0,1,---m}, Holder’s inequality gives

/ || |Vrm—1| ds
SN*I

< willa, lom—illag »

1
U

where ai + = 1 is chosen so that
1 o,

P 2m — 2l 1 2m — 2l
e B S
p+1 N-1 = o~ N -1
q 21 1 21
+1 ~no1 S g sttaoo (26)
Such o exists since by assumption,
Lty 2w
p+1 gq+1 N N -1
Let
1 P 2m—-2l 1  N-2m+2l-1
W Tl N-UE T N-T
1 q 21 1 N-21-1
w g+l N-1'v%  N-1

Case I. v, > 0, w; > 0.
By Holder’s inequality, we have

v 1—
lully, < Nl s, ™
17
[om-illyy < Iom-illgy lvm-illy, ™", (27)
with
1o lom
ay 0y ol
1 o 121} 1-— 121}
o (0 wy
Applying Lemma 2.5, we deduce
lulls, < € (D5 ull,,. +lull,) (28)
< (R D2 |, )
lll,, < C([DF™ ], + llwlly)
< C (R D2y A+ fally) 5 (29)
and
lomily, < C([1D3 0millyy + lom—illy)
< C (Rzl D2 vma| . + |\vm—zH1) : (30)

va*l”wz < C (HDglUm*lHd + ”vmlel)
C (R || D2 vm—t]| ; + lvm—tlly) - (31)

N
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Combining (27),(28),(29),(30) and (31), we conclude

/N fua| [0t | ds
SN-1

< HulHal ||vm*l||a;

Vil
< CR¥™ (Hngleul‘ 4 R2m2l ||Ul||1)

|1+5

. (Hng—QlulHk + R—2m+2l ||ul||1)1—l/1l
(D2l 4 R ol )
(| D2 o[, + R o) T (32)

Case II. Either 7; < 0 or w; < 0 but not both. We can take vq; =1 (if 7; < 0) or
v =1 (if w; <0), it is easy to see that (32) still follows.
Case III. Both v; <0 and w; < 0. This is equivalent to

1 1_2mf2l

>
p+1 N-—-1

and
1 21

gr17  N-T
which gives
11, 2w
p+1 gq+1 N -1
Contradiction to p > 1, ¢ > 1 and N > 2m + 1.

From (32) we obtain the following upper bound on G; (R).

Gi(R) < C RN+2m i { (HDim_Zl
1=0

(IDZ 2 |, + B2 )

(1D vl o+ B fommilly)

(1D o]+ B omall) ) (33)
Step 2. Estimation of G2 (R) in terms of sutiable norms of D?™u(R) and

D2y (R).
Fix [ € {0,1,2,--- ,m—l}.Fori—Fﬁ%/:l;

R—2m+2l vt
.+ el

/SN_1 (Jur 1| + R ftm—i-a]) (Jorl + R™ [ur])

< (el + B imoieally,) (lefllyg + B lnlly) - (39)

By Lemma 2.5,

IA

R fum-ially, < CR™ (I1Doum-i1l, + Nm-illy)

C (I1Dsttm-llgy + B il (35)

IN
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R ||Ul||/3l/ < CR™! <||D9Uz||31/ + ||vl||1>
< C(IDeuilly + B fuilly) - (36)
1 _ 20+1
By Lemma 2.5 for o= # — &t

||D:vumfl71||pl < C (||Dgl+1Dzum7171Hk + ||D:1:umfl*1H1)
< C (R D2 Dy, + | Dattmiall,) ,  (37)

and for U% =5 - Imoall
_9l—
1Dsuilly,, < C (/|05 Dau]| , + | Davilly)
S O (R2m72l71 HDimellex,UlHd + ||D3:'Ul||]_) . (38)
For n, = %, Ky = #;14_2[, Lemma 2.5 implies

||Dmum—l—1‘|m < C (HD;H_lDwum—l—lHlJrs + HDwum—l—1”1>

< C (Rzz+1 ||Dil+1pzum,z,1|]1+s + HDzum7171||1)

and

[1Dzill g,

IN

¢ (Ilpzm=2='Dou],,. + 1D2uil, )

IN

C (R2m72lil D"~ Dy, + “D’”Ul”l) ’

Assumption ﬁ + qul >1-— QWm >1-— ]\2,—’11 implies L + ail < 1. Therefore we can

1 Pl
pick 8; = z; € (1,00) in (34) such that

p__ 2+l 1, 241
p+1 N-1 = z - N-1
2m — 20— 1 1 2m — 20— 1
a__= < 1-—<1-o2T (39)
qg+1 N-1 2 N-1

Case I. p; > 0, ; > 0. Hélder’s inequality gives

1—71
Pl

T11
C (R21+1 ||Dg2ﬂl+1pmunﬁrl,1||1+8 + ||Dmumfl*1||1)

||Da:um—l—1||zl < ”D;cum—l—l”;;l HDa:um—l—ln

IN

(R D2 Dyt |, + | Dot ly)

CR (D241 Dy + B2 | Dstiay)
(1D Dyt ||, + R | Dot |l,) 7, (40)

where
1 _E_’_l—Tu7

2l Yl Pl
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and
IDzuill,, < [Davd][ 2| Dailly, ™
< ¢ (R D22 D, + IDauily)
. (RZm—2l—1 HDim—QZ—lDwled + ||Dmvl||1)1_m
= CR¥m 2! (HDiHleumfquHs | p2meRitl ||Dwvl||1>m
. (HDgzcm—zllerled + RT2m2l+1 ||Dzvl||1)1772l ’ (41)
with

1 1 Tol 1— 1y
zl Zl K] g

Combining (35),(36), (37), (38),(40), (41) we have

/SM ([l 1y | + R e ]) (Jvf] + R o)

< (I[pmicall,, + B ol ) (ol + BV )

<C (IDatm-1-1ll., + B~ m-1-1l) (HDIleZ{ + R! HUl||1)

<cr™ (HDa%lHDxu"L—l—lHHe + R Dyt 1 ||, + 7272 ||um—z—1H1)T”
(D2 Dyt |y + B2 | Dottty + R i)
(D2 Datt i1+ R Dyl + B2 o))

(1D Dy [+ B Dyl + R )T (42)

Case II. 0, < 0 or p; < 0 but not both. We can take 71, =1 (if p; < 0) or 79y = 1
(if o7 <0), it is easy to see that (42) still holds.
Case III. Both 0; < 0 and p; < 0. This is equivalent to

1 - 2m —2l—1
p+1 N -1

and

1 2+1
>1-— ,
q+1 N-1

which gives

1 n 1 <9 2m
p+1 qg+1 N-1

Contradiction top > 1,¢>1and N > 2m + 1.
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It follows from (42) that
G2 (R)

m—1
CRY Z /SN*1 (’ulmfl—1| + R um—i—1]) (/| + R~ ul)
1=0

IN

IN

m—1
CRN+2m Z {(HDglﬂDxum—l—lan 4 Rt 1Dt —1-1]
=1
_|_R72lf2 ”um—l—l”l)ﬁl
ol ol 1—
(D2 Dyttt 1 ||, + B | Dot i lly + B2 g fly)
T21
. (HDim—Ql—lleHHE 4+ RT2mA20+1 Doy + R-2m+2l Hvl||1)
1—
i (HDim—Ql—leled + R—2m+21+1 ||Dz'UlH1 + R—2m+2l ||Ul||1) Tzz} ' (43)

Step 3. Measure and Feedback argument.
We first define the following set

Ty (R) = {r e (R2R) : o ()|} > KR},

I3 (R) = {re (R2R): Jlu(n)]|f > KR},

Iy (R) = {r € (R,2R) : | D2™u (r)|} > KR—NF(4R)},
Iy (R) = {r € (R,2R) : ||D¥™0 (r)||% > KR*NF(4R)} :
)={re )+ [|D2ml| 2 > KR
)= {re®2m): Dol > KR ™},
For fixed [ € {1,27.-- m—1}

Psi (R) = {r € (R,2R) : w11 (1), > KR-me2m==011
Tei (R) = {7“ € (R,2R) : ||lu; (T)Hl > KR—mB—Ql} :
T (R) = {r € (R.2R) : | Dytt_i—1 (r)||, > KR_ma_ﬂm_l_l)_l}’

s (R) = {7“ € (R,2R) : || D, (7«)||1 > KR—mﬁ—zl—l} .

Since a + 2 = pg, from Lemma 2.2 we deduce

2R
eRY 0z [l e T ()| KR RN
R

which implies

1
1‘\1
| O(R)’ < 4m+8R
for K > 1. Similarly, we get
1
1‘\2
| o (R ’ < 4m+8R

for K > 1.
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To estimate I'; (R), by (12) in Lemma 2.6,
2R )
2m N-1
/ HDw qur dr
0

> |I'1(R)|KR NF@U4R)RN™!
= [ (R)|KR™'F(4R),
From which it follows that for K > 1

CF (4R)

Y

V

' (R R.
T (B)] < 4m + 8
Similarly we deduce from (13),(14) and (15) in Lemma 2.6 that
1 1 1
r —_— I T .
| 2(R)|<4m—|—8R’ | 3(R)|<4m—i-8R7 | 4(R)‘<4m—|—8R

By (8) in Lemma 2.6,

2R
CRmea72(m7l71) > / ||Um—l—1||1 T'Nild’r’
0
> Dy (R)| KR 720D RN
which gives
1
I'si (R R
T (R)| < 4m 18
when K > 1 and similarly (9), (10) and (11) implies
1 1
e (R))| < ——R, [I'n(R)|]< ——R, [I's(R)|< ——=R
Wer (B)] < =g B ITn (B)] < =2 B, [Pa (R)] < s

when K > 1. In particular,
F(R) = (R,2R)\ {02, T (R) UL, T (R) UPy Uy (R) } # 0.

Pick ReT (R), by (33) together with the observation that u,, = v?, v, = u?, we
have

G1 () <C§N§/SN_1 ] [V 1]
<CRN+2m i { (||Dr2vm72lul”1+g 4 Rp2m2l ||Uz||1)yu
1=0

(|| p2m—2t p-2mt21 1=
1D [, + el
(D2 vmd o+ B o)

~ 1—v
’ <|’D§lvm—lHd+R72l ||U'm—l||1) 21}

<CRN*mY" {R_"ii’i”“ (RVE@R) (R 4 goamomd)™
=0

(e ptamp e

<CRF®(4R),
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with
N N
@ = G =min{-N—-2m+ ﬁf”” + %”21 + 5 (=) + = (1= va)),
~ 1 1
b = mlaxf(l—ull)—l—f(l—ygl).

k d
On the other hand, we have

G, (R)

m—1
<CRN*?m Z {(HDilHDwum*l%HHE + R | Dt —1-1]|4
=1

+R72l72 ”um7171”1)‘r11
_o]_ 1—
(D2 D1+ R Dol + R i)
T21
. (Hngfwlemlelﬁ + R2m20+1 | Dgvyl], + R—2m+2l ||”lH1) 2
ol _ _ 1—
. (HDf‘;’” 21 1val||d+R 2m+21+1 ”val”1+R 2m+2lel”1) 7'21}

m—1
T11
<crN 2 S0+ R Dty R ),
=1

(D2l + R D ially + R feaally)
. (HngUH1+s + R—2m+2l+1 ||val||1 + R—2m+21 Hlel)‘m
(D3], + B Dy, + R )T )

T11

m—1
SCRN+2mZ{(R_ mps | Rl pma—2(m—l-1)-1 | R—QZ—QR—ma—Z(m—l—1)>
=1

. (R—N/kF% (4R) + R2-1Rp-ma—2(m—1-1)-1 4 R—21—2R—ma—2(m—l—1))1’“"

) (R_ e | pr2-1pg-mB—2(m—l-1)-1 +R72l72R7mﬁ72(m7171))T2l
) (RfN/ng (4R) + R-2-1R—mf=20m—i=D=1 4 Rzzszﬁz(mzl))l_m}

<CRF"(4R).

Here

mps mqo
— T

N N
I el (1-— (1-—
et gt k( ) + d( To1) }

a=a. = mlin{—N —2m +
and
b= L (1 )+ L (1 )
= mlax L T11 d T21) -
We claim that there exists a constant M > 0 and a sequence R; — oo such that
F(4R;)) < MF (R;).
Otherwise for any M > 0, there exists Rj; such that for R > Ry,

F(4R) > MF (R).
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Since (u,v) is bounded, we have F (R) < CR™, R > 0. Thus
M'F (Ry) < F (4'Ryy) < CRY, (4V)".

Contradiction for i large if M > 4V,

Assume we have shown @ = a. = min (a. ,az) > 0, b = b. = max (3, 5) < 1,we
have

F(R) < CR “F®(4R;)
< CM°R“F®(R;),
which gives
F(R)<CR, ™.
Letting ¢ — oo, we deduce that

/ [uqH + UPH} dx =0,

hence © = v = 0, a contradiction.
Step 4. If ma > N —2m — 1, then b,b < 1 and a_,a. > 0 for ¢ <« 1.

" -1
First we show a. > 0, b < 1. Since vy, = (6%7%> (%lf%), Vo =
—1 R
(i_w%) (é—i),to show b < 1, we need to show for all [,
1 1
E(l—Vll)+a(1—V2l)
= pAu+qAy
N-2m+2l—1 1 1 21
- - = = )< 44
p( N -1 al)+q(al N—].)< ( )
Here
i (1)
= —(1-v
1 1 11
_ (N-2m+2-1 1
B N -1 o
i y—
= ——(1-v
2l 711 21
_(L_ 2
N aq N-1)°
(44) is equivalent to
N-2m+2/—-1 21 p—q
— —1 . 4
N_—1 N1 S g (45)

Recall oy is chosen to satisfy (26). Such a; € (1,00) satisfying (26) and (45)
exists provided

D 2m —201 2] . 2m—20 1 21
m — <m 1-— 46
aX(p—i—l N-1'N-1)="™" N—l’q+1+N—1 (46)

and

N —2m+20—1 21 2m — 21
P71 —QN_1—1<(P—Q)(1— N_1)7 (47)
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N-2m+2l-1 2l 1 21
- —l<p-q) [ —+ 0. 4
P71 g7 1< ®<q+1+N_1) (48)
(46) follows from the assumption that N > 2m + 1 and
L + i >1— 2ﬂ >1— 27m
p+1  g+1 N N_1
(47) is equivalent to
N —1-2m 1
q N1 )
which follows from
plg+1) 2 2m N -1
PAT 142 <1 = .
=" S s o Sl v

And (48) can be rewritten as
N-2m-1 p+1
p< ;
N -1 g+1

which is equivalent to
ma > N —2m — 1.

Finally, for each [

_ N N
ag = —N —2m+ mpPry + mqavey + " (1—vy)+ i (1 —wvay)
2 +1)( -~
= 2mN+ma+mB+< m(pq_l ) pA11+qA21>
= (2m— N+ ma+mp) (1 — pﬁu — qul)

> 0.

It then follows ag > 0, thus a. > 0 for ¢ < 1.
Secondly we show a; > 0, b < 1. This can be shown in a similar way as ac, b.

-1
We write all details for readers’ convenience. Since 7q; = (% — i) (z% — %) ,
-1
To = (%l — %) (Zil, — E) to show b < 1, we need to show for all [,
1 1
—(I=m)+=0Q—7)
k d
= pAiy+qAy
N—-20-2 1 1 2m — 20 —1
= —_— -_— 1. 4
p< N -1 zl>+q<zl N -1 >< (9)
Here we used
1
A = ——(1-—
11 Pt ( 11)
B N —-20 -2 l
- N -1 zZl ’
Ay = —— (1)
= — T
21 711 21

(1 2m-2-1
o\ N -1 ‘



3338 FRANK ARTHUR, XIAODONG YAN AND MINGFENG ZHAO

(49) is equivalent to

N-21-2 2m-2—1 -
= —1< 224

N—1 I N1 P (50)

Recall z; is chosen to satisfy (39). Such z; € (1, 00) satisfying (39) and (50) exists
provided

2041 2m -2 —1 2041 1 2m — 20 —1
Inax( P + mn )§m1n<1 + + m >,

p+1 N-1 N-1 N—-1q+1 N -1
(51)
and
N-20—-2 2m—-20—1 21 +1
P—N—1 9 N_1 1<(PQ)(1N_1>a (52)
N—-20-2 2m—2l—1 1 2m—2-1
N-1 TN _1<@—@(q+1+ N-1 ) (53)

(51) follows from

LU
p+1 qg+1 N N-1
(52) is equivalent to
qulme 1
N -1 ’
which follows from
cpla+d) 2 g, 2w N-oL
p+1 « N-2m—-1 N—-1-2m

And lastly (53) can be rewritten as

N —-2m-—1 p+1
p < ;
N -1 g+1

which is equivalent to

moa > N —2m — 1.

Finally, for each [
ag = —2m — N +mpB (1 — (p+1) Ay) + mga (1 — (¢ + 1) Az) + NpAy + NgAy

2 +1 +1

y-2mletDie >><pAu+qA2l>
pg—1

=(2m — N +ma+ mpB) (1 — pAy — qAa)

>0.

:2m—N+ma+mﬁ—|—<

It then follows ag > 0, thus a; > 0 for e < 1.

Remark 3. Note Lemma 2.2 implies when pg > 1, N < 2m, (1) does not admit
any positive solutions. In particular, this implies the following equation

(—A)"u=uP

admits no positive solutions if N < 2m, p > 1.
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