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Abstract  The Chern—Simons—Higgs energy serves as a model for high temperature super-
conductivity. We show the existence of weak solutions to the CSH equations that are min-
imizers of the CSH energy. The solutions are vortexless for an applied magnetic field 7.y
below the critical field strength, whereas vortices appear when &, exceeds the critical field
strength.
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1 Introduction

Chern—Simons—Higgs (CSH) theory refers to a wide class of field theory models in (2 + 1)
dimensional Minkowski space (R>!, g) that contains a Chern—Simons term in the action
densities [3,9,10,23]. These models have applications to the theory of high temperature
superconductivity, quantum Hall effects and carry fractional charge values [3,23].

The model is described by the following CSH Lagrangian density:

- 1 2
Lesh = DouD%u + %EO‘MA& (Fﬁy — E;) -2 Ju|? (1- |“|2)

where A = —iAq,dx® with A, : R? — R for o = 0, 1,2 is the gauge potential with
covariant derivative D4 = d —i A. Here, the metric tensor g = diag[1, —1, —1]is used in the
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2 D. Spirn, X. Yan

usual way to lower and raise indices. The corresponding curvature Fy = — % F ,3},dx/3 AdxY
with Fg, = dgA, — 3, Ap defines the gauge field, and u: R!"> — C s the Higgs scalar with
Dyu = oyu —iAyu, n =0, 1, 2. Furthermore, the antisymmetric Levi-Civita tensor €Y is
fixed by setting €12 = 1 and 11, & > 0 are the Chern—Simons coupling parameters. Here
€PY Ay (F, gy — F E;) is the Chern—Simons term with applied field tensor F¢¥, see (1.3). The
associated Euler—Lagrange equations are

1
Do D%u+ —u (ju* = 1) 3lul* —1) =0 (1.1)
e
K apy _
Le (Fﬁy - g’;) +J%=0 (12)
where J% = (iu, D%u) is the matter current.
Since the o = 0 refers to time coordinates, we replace Do by dp = 9; — i @ and replace

Dy by V4 = V —iA when @ € {1,2}. Here (¥, A) is the field potential. The curvature
tensors are defined by

0 —-E -—-Ep 0 O 0
F=\|E 0 —h ), F¥=10 0 —hex |, (1.3)
Er, h 0 0 hey 0

where h = curl A, E, = 0; Ay — 9, P are the induced magnetic and electric fields and /., is
the applied magnetic field. We write the current ¢ in a more classical notation by setting

T = (iu, dou) = q T = (iu, Va,u) = j5)

for « € {1, 2} which are the charge and supercurrent, respectively. Therefore, the current
equation reads 5(h — hey) +q = 0, —5E> + ji =0, and 5E + ji = 0, and in more
classical notation we write the CSH equations as:

1
agu :v§u+?u (1= [ul®) (3lul* = 1) (1.4)
g= —% (curl A — hyy) (1.5)
ja=5(Exes). (1.6)

Well-posedness questions for equations (1.4)—(1.6) were studied in [4,5].

Since u : R? — C we can easily induce the formation of topological vortices—regions
where |u| = 0 and about which the winding number of the phase is nontrivial. Setting
u = pe'? ~ ¢'? over R and ¢ = d6, then J4 ~ %curl (Vo —A) = detVu — %h
Assuming that £ — 0 as |x| — 400, then we can formally integrate (1.6) over R? and get
2nd = fRZ hdx. Furthermore, integrating (1.5) over the plane and assuming that z,, = 0
yields

/hdx =—— [ gdx. (1.7)

]RZ
As in Ginzburg-Landau theory, we see that the current and the magnetic field are quantized
about a topological vortex; however, in CSH theory the magnetic field induces a quantized

electric charge, which can have arbitrary values, depending on p. This quantized electric
charge is a fundamental feature of Chern—Simons—Higgs theory.
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 3

We look for solutions independent of time; setting d;# = O then (1.4)—(1.6) become

1
—®%u = Viu+ U (1= |ul®) (3lul* - 1)

Du? %(curlA—hex) jA(u)=%V<I>><e3.

Removing the electric field potential @, we are left with an unusual system of coupled elliptic
PDE’s:

2 2
uZ leurl A — hy| , 1 2 2
—fTu:VAu—I—e—zu (1= [ul?) (3lul” —1) (1.8)
2 1A—h
0= _% curl (Curw%) T ja). (1.9)

Equations (1.8)—(1.9) can be viewed as the Euler-Lagrange equations of the following Chern—
Simons—Higgs energy

w2 curl A — h | 2
Gesn(, A hey) = /|v ul® M ST — e = +£—2|u|2 (1—|ul*) dx  (1.10)

for an applied magnetic field, Aoy, and a bounded, simply connected domain, Q C RZ.
A discussion of the CSH theory on bounded domains can be found in [7].

If we consider a topological vortex in (1.10) with A, = 0 then # must vanish at least
at one point. But the second term of (1.10) implies that 4 = curl A must likewise vanish
at that point. On the other hand the quantization relation (1.7) implies there exists a finite
mass of magnetic field about this vortex, and consequently the magnetic field concentrates
in an annular region about each topological vortex. This is in contrast to Ginzburg—Landau
vortices, where the magnetic field concentrates at the site of the vortex. The second term
proves to greatly increase the difficulty of analyzing (1.8)—(1.9) over the Ginzburg—Landau
equations, including the loss of a maximum principle.

1.1 Prior results

Most research has focussed on the self-dual case where ¢ = . In this case the CSH
equations reduce, following Hong et al. [9] and Jackiw and Weinberg [10], to a system of first
order PDE’s. Solutions can be recovered by solving (after a substitution) a Liouville-type
elliptic equation, similar to the Jaffe-Taubes approach to solving the self-dual Ginzburg—
Landau equations [11]. Important results on self-dual solutions to the Chern—Simons—Higgs
equations can be found in [3,6,7,9,10,22,23] and the references therein.

A rigorous approach to nonself-dual Chern—Simons—Higgs theory was initiated by Han
and Kim in [8], where they studied existence of solutions to the CSH equations (1.8)—(1.9).
Their primary result is

Theorem 1.1 (Han and Kim [8]) Assume u = g on dU with |g| = 1, and assume h,, = 0.
Then there exists a solution to (1.8)—(1.9).

In order to establish their result, Han—Kim embed the CSH energy into an even more
general Maxwell-Chern—Simons—Higgs (MCSH) energy that contains an extra neutral scalar
field N. The MCSH energy has a simpler structure than the CSH energy, and the authors prove
the existence of minimizers of MCSH via the direct method and estimates on the lower order
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4 D. Spirn, X. Yan

terms. Then they take a limit to the CSH equations; however, the solution is not necessarily
a minimizer of (1.10).
The final section of [8] studies the simplified CSH energy

1 1
Ecsh(u) = 5/ |Vul? + ?2'“'2“ — [u»H? (1.11)
Q

and shows that minimizers with Dirichlet boundary conditions satisfy the same convergence
behavior as found by Bethuel et al. [1] for the simplified Ginzburg—Landau energy

1 1
Eg(u) = 5/|W|2+@<1— ul?)?. (1.12)
Q

Their methods are similar to those in [1] and rely heavily on the maximum principle for |u,]|.

In order to study the full CSH functional (1.10) with an aim at understanding the nucleation
of vortices, Kurzke and Spirn [14] placed the CSH functional in the Gamma-convergence
framework. The convergence results are true for nonminimizers and even for sequences of
functions that are not solutions of the corresponding equations. The Gamma-convergence
results are separated into a compactness result combined with a lower bound for the energy
and a construction that shows that the lower bound is essentially optimal.

Theorem 1.2 (Kurzke and Spirn [14,15]) Let . — p € (0, 400] as ¢ — 0. Assume that
the external field satisfies ho, = H|log ¢| for some H > 0, and consider a sequence {ug, A}
that satisfies the Coulomb gauge condition and

Gesh(Ue, A hex) < K|10g8|2.

Set a; A,, then {ag} is weakly precompact in WP for all p < 2, and for a subse-

_ 1
 logel
quence such that a, — a there holds Curl‘zisl_H — curla — H in L%

&

Vg
uel

Additionally, v, = “Olﬂj(ug) converges to v weakly in all L? with p < 2, —vin

2 _ J(ue) 1 . _ .
L~ and w, = Ilog;\ — w = 5 curlv. Taking a subsequence, the modulus ps = |u.| satisfies

pe — p strongly in LP for p < 400 where p is either identically O or identically 1. If p = 0,
then curla = H and v = 0. Furthermore, the energy satisfies

1
liminf ——— Gesh (e, Aes hex) = G” (v, a; H), (1.13)
e~>0 |loge]|

with
1 . _ 1 2 W 2
G (v,a,H)_E v —al +I|curla—H| =+ [[eurl v oq
U
when p € (0, 400) and
1 1 2
G (v, a; H):§ v —al” + |lcurl v|| o4
U

when p = +o00 and

G%v,a; H) = 0. (1.14)
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 5

Conversely, forany a € HYU; RY) andv € L*(U; R?) such that w = % curl v is a Radon
measure, there exist a sequence {uc} in HY(U; C) with lug| = 1 0n 89U and a sequence
{A;) e H'(U; ©) satisfying the Coulomb gauge conditions such that v, = “O—lgs‘j(us) -
in L% w, = @J(ug) — win (COP)* a, = @Ag — ain H', and such that (1.13)
holds with equality for p = 1. For p = 0, there exists a sequence (us, Ag) with uy, — 0 and

—“O;El curl A, - H such that Gegh(ue, A hex) — O.

An application of the last theorem is the following characterization of critical field. Critical
field A, is defined as the minimum applied field below which minimizers contain no vortex.

Corollary 1.3 (See [14]) As ¢ — O, the critical field h., for nontrivial local minimizers is
given asymptotically by Hy(u)|log &|, where

Hi(W) = —— (1.15)
= maxy |z,
and z,, is the solution of
2
— At i*/4=0
with homogeneous Dirichlet boundary conditions. When 1o — 00 then H; = ﬁm where

z is a solution of Az = 1 with homogeneous Dirichlet boundary conditions.

Concerning the dependence on w in (1.15), we find w?H () — 2 as u — 0; therefore,

we formally expect that the critical field as ;. — 0 should be %%”. However, when i, — 0

€

we have:

Theorem 1.4 (Kurzke and Spirn [15]) When 1e — O the Gesh (Ue, Ag; hey) fails to Gamma-
converge as ¢ — Q.

The failure of Gamma-convergence is due to the decreasing effectiveness of energy reduc-
tion via vortex nucleation. The counterexample arises from a clustering of vortices at a

distance of —££— from each other.
Mogel

1.2 Results

Although Ggh(ue, Ag; hey) fails to Gamma-converge when pu, — 0, it is natural to ask
whether the added regularity of minimizers will lead to the conjectured critical field strength.
This paper concerns the development of global minimizer theory for the CSH energy in a
given space and we concentrate on the interesting . — 0 situation.

We define the following space

V ={u A e H (Q C) x H' (Q,R?), suchthat [u| = 1 ondQ}.

Our main results are the following theorems. The first result extends the existence result of
Han and Kim [8].

Theorem 1.5 For any given ¢, i, hey, there exists a solution pair (u, A) of (1.8), (1.9). In
particular, (u, A) is a minimizer of Gesh (U, A; hey) in'V.

Our second result establishes the critical field when , — 0. The critical field calculation
for . — (0, +o00] have already been established in [14,15].
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6 D. Spirn, X. Yan

Theorem 1.6 Assume p, — O satisfies e > e 2 for any 0 < a < 1. Then there
exists a critical field h¢, = % such that for hex < he,, a minimizer (u, A) in V satisfies
£

lul| > %. For hex > he¢,, a minimizer in V must have a vortex.

Theorem 1.6 implies that for

L. .2l
for any y < +oo, the critical field is %.

_ 1
“llogel” 2
When . — 0 at a faster rate, say . = &% for some @ > 0, then our critical field proof fails.

Remark 1.7 We remark that global minimizers of Gesh (ts, Ag; hex) in H I H! are trivial
(u = 0, curl A = h,,). Existence of nontrivial local minimizers of Gesh (e, Ag; hey) With
Neumann boundary conditions seems to be a challenging problem.

Remark 1.8 There are analogous results for asymptotics of the Ginburg—Landau energy
functional for asymptotically large and small domains, see [16].

1.3 Method

. . 2 —_ - 2
Due to the existence of the singular term % W
integrand, a standard minimization method does not yield a converging minimizing sequence

in the correct space. We consider instead a penalized energy

1 p2leurl A —hel> 1, , "2

Gy (u, A) = = Vaul> 48— %L 4 1— .

K (u, A) 2/[I aul”+ = P +82|u|( |ue|?)
Q

in the Chern—Simons—-Higgs

Establishing the existence of a minimizer of Gy for k fixed is straightforward. Furthermore,
the minimizer, (ux, Ax), of Gy satisfies its associated Euler—Lagrange equations, which in
turn provides better regularity estimates for (i, Ax), independent of k and ¢. From the added
regularity we are able to pass to the limit k — 0o and conclude that there exists a minimizing
sequence for the original energy G that converges to a minimizer in H' x H'.

In order to establish the critical field we split the energy Gg, into the order parameter
energy Ecqn and the magnetic field energy, similar to the splitting method of Serfaty [21]
for the Ginzburg-Landau energy. Therefore, it is crucial to prove energy lower bounds on
E s without assumptions on the phase. Since we do not know the number of vortices for
a minimizer a priori, we follow an idea of Sandier and Serfaty [20] to construct disjoint
balls that covers the region |u| < % for u satisfying the gradient estimate |Vu| < % This
method is based on a construction of Jerrard and Soner [13], Jerrard [12], and Sandier [19].
To initiate the Sandier—Serfaty framework we need a collection of balls that covers {Iul < %}
and satisfies

BB = [ 1Vl + Sl (1-p)’ =
BiNQ

In the case of the Ginzburg—Landau energy, such balls can be constructed using the lower
bound estimate of the Ginzburg—Landau energy on the circle:

Lemma 1.9 (Jerrard [12]) If r > e and m = 1 A mingyp, |u|, then

(1—mVN

1 1 2
—|Vepl? + = (1= p?) ds >
/2| ol +82( p7) ds = e

0B,

for some constant C, N > 0, where p = |u].
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 7

Such an estimate fails for Chern—Simons energy E.s, due to the form of the poten-
tial term ;—2 lul? (1 - |u|2)2, which is trivial on each circle 9B, when |u| vanishes, unlike
for the Ginzburg-Landau potential. To overcome this problem, our primary observation is
Lemma 2.9. The main idea is that although such a lower bound estimate may not be true
for all the radii, it is true for a positive measure of radii, and this is enough to bound the
Chern—Simons energy from below by . We note that our result uses crucially that (1, A)
satisfies | Vu| < %, i.e., we need the Euler—Lagrange equations to exist. We feel our approach
can handle more general potentials of the form |u|*|1 — |u|?|? for a, B > 0. Once we have
this first step initiated, the rest of the ball construction follows essentially from the arguments
of Jerrard [12], Jerrard and Soner [13], and Sandier and Serfaty [20].

In order to prove the critical field, we use the energy splitting method of Bethuel and
Riviere [2], Serfaty [21], and Sandier and Serfaty [20] to bound the CSH energy by:

Go > Gesh (u, A)
> Go+ 2mhex Y diko (i)

iel
loge
+7 > |di| (Ilogal —0 (log lloge] )) ,
iel €
where Gy = Gcgh(1, hexVLéo) is the Meissner energy and where & solves a scaled London
equation — ASO + & = 4 in Q with homogenous Dirichlet boundary conditions. Here

I is the collectlon of vortices that lie away from the boundary of the domain. Since ,ug >

e~Mogel” then [log | = o (Jlog e|). By elliptic estimates we show that maxgq |&y| ~ =&, and
a simple comparison argument shows that the minimizer must be vortex-less when /., < he.
Finally, we prove, by explicit construction, that once ., > h,, there are configurations with
a single vortex that have less energy than a Meissner solution.
The paper is organized as following. In Sect. 2, we state some preliminary estimates.
When the Euler-Lagrange equations (1.8)—(1.9) exist, then we can prove stronger estimates
and our ball construction. Section 3 is devoted to the proof of our first and second theorems.

2 Preliminaries

Letu = pe'?: Q@ — Cand A: Q — R?, we consider the Chern—Simons—Higgs functional

1 lcurl A — Aoy |? 2
Gcshm,A;hm):z/[wAuF g b lourl A —hesl” 2| ul? (1 - |u|2)] Q.1)

4 |u|?
Q

where u € H'! (2,C),and A e H 1 (Q Rz). G gh 1s invariant under gauge transformations.
More precisely, for ¢ € H 2 (2, R) and

Up = ei¢u
Ap=A+do.

We have
Gesn(u, A; hey) = GCSh(u¢s A¢; Rex).
Throughout the paper, we assume €2 is a simply connected bounded domain and always choose

A such that divA = 0 and A - v = 0 on d<2. In particular, we can write A = (—é‘y, Ex) for
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8 D. Spirn, X. Yan

some & = 0 on 2. We define two CSH energy densities

1 w2 lcurl A — ey > 1 2
gesh (s A3 hex) = 5 |:|VAM|2 + me + ;2|u|2 (1 —1ul)

1 1 2
ecsn () = 5 [IWIZ + sl (1= |ul?) ] :
&
and set

Ecsh(u) = /ecsh(”)dx and  Gesh(u, A; hey) = /chh(M,A§ hex).
Q Q

The associated Euler—Lagrange equations for functional (2.1) are (1.8)—(1.9).

2.1 Energy estimates

Let |u| = p. We first quote the following covering lemma on the set where p < % from [14].
The proof of the lemma exploits the Modica—Mortola trick [17,18], used with great success

by Sandier for complex Ginzburg-Landau energies [19].

Lemma 2.1 (Kurzke and Spirn [14]) Suppose p > % on K2, then we have {x € Q: |u| <

1} C UB,, with
> rj < CeEeqn(lul)
forall ¢ < gg small enough.

Lemma 2.1 leads to the following energy estimates.

Lemma 2.2 Suppose |2] < Ecsh, Gesh < Mg and p > % on 0, then forall2 < p < oo

and some small y > 0, the following estimates hold
lollg < CV/ Me,
2 41
- p“LP(Q) < Cpye? yMsz r,
lolly < Cp.

Moreover, for all 1 < a < 2, we have bounds

”jA(u)”LO‘ = Ca\/ M.,
C

“h _hex”LW = - M87
e

where Cy —> 00 as « —> 2. If {u, A} is a weak solution of (1.8)—(1.9), we have

e W N
) &

:02 wha Mg

forall 1 < q < 2. In particular, this implies for A = V&,

C
||V$”L°° S Ig\/ Mg + Chex~
&

@ Springer
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 9

Proof The proof of (2.2)—(2.6) can be found in [14]. We only prove (2.7) and (2.8). Ifu is a
weak solution of (1.8)—(1.9), from j4 (u) = “s curl (f=hex h”) we deduce that for 1 < ¢ < 2,

h—nh
HV( 2”) WVl ol o W
P u

Since h = h,, on 0%, then the Poincaré inequality implies

ja (u)
|ul

L1 Mf

L4

h—nh C
Y wla(Q) Mg

where C; depends on £2. This establishes (2.7).
Next we prove (2.8). By Sobolev embedding and (2.7), for any 1 < p < oo,

h—nh h—nh
H hal g, ” e o i
P LP(Q) P Wla(Q) Ma
Therefore,
h — hex p q
”h - hex “LP(Q) =< ,02 ||P Lr(Q) V
L4(Q
forany 1 < p < oo, % = é + % Since h = A&, this implies
Cp.g
1AEl L (@) < 7\/ Mg + Chey.
&€
Since £ = 0 on the boundary, then Sobolev embedding implies (2.8). O

2.2 Gradient estimate for solutions of Euler—Lagrange equation

We derive gradient estimate on solutions to Euler-Lagrange equations (1.8)—(1.9).
Lemma 2.3 Assume (u, A) is a solution of (1.8)—(1.9) satisfying % = 0 on 0 and
Gesh (4, A) = My, hox < % if e < €, e < €, we have
C
Vul < =2,
&
where Cy is a constant independent of u, A, ¢, and ji.

Proof We follow the idea of Bethuel and Riviere [2] and Serfaty [19]. Setx = f and

u(ex) = u(x)

A(eX) = eA(x)
Vi = eVau(ex) = eVau(x)
h(x) = *h(ex) = *h(x)

hex =¢& hex

u

then (u, A) is a critical point of

_ 1B —h
G, B) = /IV o2 4 £ }C“r s fiee| P (1= 1P’
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10 D. Spirn, X. Yan

The CSH equations for this functional are

2 |7 = T |
_ ’mr"” = V247 (1 - [@P) (3 fal> — 1) (2.9)
N
(i, Vi) = Z;ZVL( |u|z”) 10

in Q. From rescaling we have
E(ﬁ’ X) = Gesn(u, A) < M,;
therefore, by (2.6)
N €
|h = hex] Lo = € M—\/Mg (2.11)
&

for ¢ < 2, which is bounded by a constant.
Let xg € 2.

Case 1 dist(xp, 3Q) > 2. Since divA = 0 and A - n = 0 on 9<2, then there exists a scalar
potential £ such that

AE =h in By (%p) E=0 ondBy(xp).
By (2.11) and since hey < Cz;%«/Ms, then
_ e e e
1] ooacry = €37V Me = Cro/Me + Coo = M.
By the Calderon—Zygmund inequality
_ e
1]l w2a (B0 = Ca Y M
for all ¢ < 2. Hence, by Sobolev embedding
_ _ e
HA”LP(BQ(X())) =|vé ”LP = CI’;V M, (2.12)
for all p < +o0.

Set u = ug + u; where

Aug =0 in By (xp) ug=u onabB(xp) (2.13)
and
—Auy =u(1— @) Bl —1) - A%u
o 1 T2
— _ 12 |h - hex’ _ . _
—2iA-Vu+ éTu in By (x0)
=T+ I1I+1I+1V (2.14)

uy =0 ondB) (Xp).
Since u( is harmonic, by elliptic estimates, we obtain

[Vug| < C on B% (*o) - (2.15)
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Minimizers near the first critical field for the nonself-dual Chern—-Simons—Higgs energy 11

We now prove gradient estimate on #;. On the right hand side of (2.14) we bound terms

I-1V.
To estimate / we have for all p < 400, by (2.4)

”E(l - |E|2) (3|E|2 - 1) HL/’(BZ(XO))

— -3 —5
=C (”/’”LP(Bz(Eo)) + 7 ”LP(BZ(XO)) + Hp ‘L,,(Bz(m)) =Cp.

Next, to control /1 we use (2.12) and find

——2_ —2 _

Al < [@] P12 o

H LP(By(Fo)) Loy N (B2G0)

—112
= Cp»q»r ”AHWI-CI(BZ(;O)) = Cﬁ,q,r

where L = L 4 % This holds for all p < +4oc0. To handle the term /71, we have for any

p < 2, from (2.12)

”Z ’ Vﬁ” LP(B(X0))

< 1A V5| L gy + HA ﬁ‘ LP (B> (50)

—2 _
LB T “A||L4(Bz(f0)) 121l Ls 8,0y < Cpagurs

= ”VXEHLZ(BZ(XO)) ”X|

1

for , = % + % Finally, we estimate term / V. From (2.7) we have

2 |7 7 2
M h — hex Mg h — hex
w2 | 7 T T L = VM
o Wl-‘l(ﬁ) Wha(Q)
which implies from Sobolev embedding
h—hex h—hex
72 =Cpq| =
LP(By(xp)) W4 (B (Xo))
h—hex g2
=Cg|—= =Cpyq 2V M
1Y Wla () e
for all p < 4o00. Therefore,
— 2 - —2
pe = hex|” w2 | [h = he| .
2 a4 =2 = 1211 s (8, o))
0 _ € I -
L4(B2(x0)) L"(B2(x0))
2= he |
Mg - Iex
=< Cr? ;)
L2 (B2(X0))
&2
= Cp,q,r7M6 = Cp,q,r
Mg

ford =141
q K r
Combining together the estimates on the right-hand side of (2.14) yields

—Auy = f inBy(xg) u; =0 ondBr(Xp)
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12 D. Spirn, X. Yan

with || fll r (B, )y < Cp for p < 2. By the Calderon-Zygmund inequality
[l2ey ||W2,D(32@0)) =< Cp Vp <2,
where C is independent of ¢, &, and u|. Hence by Sobolev embedding,
IVurllpe s,y < Cq Y1 < g < o0. (2.16)
Combining this estimate with (2.15) yields
IVUll LBy o)) < Cq V1 < g < 00. (2.17)

Working now on B3/, (Xo) instead of Bz (X(), we see the third term /71 on the right hand
side can be bounded by

A Vﬁ“LP(Bm(fo)) <[ 4] L9(BspGo) N VL (B3 p o)) = Cpagr
forany 1 < p <ooand = I + ;. We then have
”Ml ||W21P(32(}0)) < Cp vVl < p < oQ.

This yields, by Sobolev embedding [Vu| < C on Bj3/2(x¢), which shows, combining with
(2.15), that

|[Vul < C on B3/2(x0o).

Case 2 Xy € Q. We follow the idea in [19], Proposition 6.1. After a possible change of
coordinate, we can assume

3N By, 3e) C {(x1,x2) € R*: x, =0}
and

QN By, (3e) C {(x1.x2) € R?: x2 > 0}.

We consider the following symmetrized configuration with respect to d2. We set for
(x1,x2) € Byy 3e) N {x2 <0},
u(xy, x2) = u(x1, —x2)
Ay (x1,x2) = 2hexxy + Ay (x1, —x2)
Az (x1,x2) = —Az (x1, —x2) .

=0 ondQ
A-n=0 ond2<= A, =0 ondQ,
Vu and A are continuous on By, (3¢). Similarly, for x, < 0,
—Au (x1,x2) = —Au(x —x3),
ou
A -du (x1,x2) — hexXa— (x1,x2)
3X1

A u ( ) A ou ( ) A du )
=A1— (x1. — x7) — —— X1, — X =A-au(xy, —Xx2),
13)61 1, 2 2 axz 1, 2 1 2
|AP u (x1, x2) — B2, x3u (x1, x2) — 2hexx2 At (x1, x2) = |AP u (x1, —x2) ,

curl A (x1,x2) — hex = hey —curl A (xl, — xz) .
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 13

Recall curl A (x1, 0) = h,y, we deduce that {u, A} satisfies in B3¢ (xg)

_&glh_hex|2

1
R u:v§u+7u(1—|u|2)(3|u|2—1)

—X5 (2lhgx + h2 Xl + ZhFxAlu)

y : h—h
hex (iu, i(xé )u) + (iu, Vau) = %curl( W”) :

Here x, = min (0, x2). Each term in the equation is continuous acrossing the boundary.

Through a similar argument as in Case 1, we deduce |Vu| < g O
2.3 Ball construction
2.3.1 Preparations
Let p (x) = |u (x)], m = 1 A min,cyp, p (x). The following two lemmas give the lower
bound estimate of the energy on the circle.
Lemma 2.4 Ifr > ¢, then
1 2 m? (1 —m)?
V.pl> + 1—pH)ds> ————~
[ 315+ 502 (1= ) as = "

3B,

for some constant C = C (2) > 0.

Proof We follow idea of Jerrard [12]. If miny ¢y, p (x) > 1, the lemma holds trivially. When

minyeyp, p (x) < 1, let
1
yz/EWmV

3B,

and xpin, € 0B, be a point where p (xpin) = m. Then for any x € 9B,

1
0 (x) < p (Xmin) + CIVepllg2 [x — Xminl 2
1+m

§m+Cﬁ|x—xmml% =— (2.18)
whenever |x — Xmin| < 4C2 . Since r > ¢ and xp;, € 0B,
H' (0B N By (Xmin)) > c! (o ne) (2.19)

for any o > 0. Since p2(1—pH2>C'm?21 - m)? whenever p =< HT'”, we deduce from
(2.18) and (2.19) that

1 — 2
/ P (1= p?) ds = C7'm2 (1 —m)2(|cm| /\8).
y

9B,
It follows that

1 , 1, 22 m? (L—m)? (|1 —m|?
/EIVr,O|+;2,0 (1—p)ds2y+C 2 Cy Anel.

B,
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14 D. Spirn, X. Yan

. . . . —_ 2 —_ 2 . .
The conclusion is obvious if ¢ < “Cim‘ If e > % the conclusion follows from min-

mization over y > 0 and the fact that m € [0, 1]. O

Lemma 2.5 Ifr > ¢, then

m2wd*  m*(1-— m)2
+

1 2
2 2 2
/|Vu| +—82 lul” (1 — |ul”)"ds = ; Cr

3B,
where C is given by Lemma 2.4 and d = deg (u, 0B,) .

Proof Letv = ";—l, then

1

1
deg (v, dB;) = / det Vovds <
Br

|0B1]
9

Vivlds
9B [Vl
Br

1
3

2

<! /|v Pds| 19B,|?

—— v N .

— |aBl| T r
9B,

It follows

1 d?

/ ~VouPds = T4 (2.20)
2 r

B,

Since |Vu|2 > % |va|2 + % |V,p|2, the conclusion follows from (2.20) and Lemma 2.4.00
Lemma 2.6 Given |Vu|y, < %, there exists t depending only on Q such that if \oe <t <t
and § < |u(xo + te'™)| < 3 for some 6; € [0, 27). Then
1 2 G
IVl + 5 ful® (1= ul?)"ds = ==
3By (x0)N2

for some constant Co = C; (Cy, Lo, 2).
— 0 g Co 1 i6; 3
Proof Let x; = xo + te'™. Since |Vulo, < = and 5 < |u(xo + re')| < 7,

Co

‘u (xo—l—tew) —u(xo—i—teie’) —110 — 6.
£

IA

It follows that
=l (rorre) = ¢
- u | x e -
g = |10 =3

whenever |0 — 6;] < %Ots. Since 92 is smooth, we can find a constant « > 0 and 7 such
that for ¢ <7 and any xo € 2,

H' (aB, @) NQNB 1, (x,)) >a(tAe),
0
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 15

where « is a constant depending only on 2. (A similar type of argument is given by Jerrard
[12, formula (2.8), p. 728]). Therefore, if t > Xoe,

1 2 1 2
[ Sl -l s = [P (- wk) s
QNIB, QIB,

3\2 /1) 1
> - — ) —
—\8 8) &2
C

&

BB[ nen BLE (.xt)
8C)

[m}

Remark 2.7 Given |Viug|oy < S0 Tf [ue (xo + 1e/%)| = 3 for some 6, € [0,27) and t < e,
then |u (z)| > 3 for z € B, (xg). In fact, if |u (z0)| < % for some zy € B; (xp), then

1 10,
1 < |ug (xo+te ,) — |u (z0)|
< |ue (xo + teief) —u (Zo)’
C . 2C
< =0 ‘xo + telt —Z()‘ < =9
£ &

which contradicts the assumption on 7.

Lemma 2.8 If |u (xg)| = % and |Viul|y < %, then there exist constants Ly, vo > 0 such
that

1 2
2 2 2
[Vul” + o) lul” (1 — |ul*)” = wo.
B;/.()S(XO)HQ
Here po = o (Co), vo = vp (Co, ).
Proof Since |u (x) —u (x0)| < |Vuly [x — x0] < % |x — xg/, it follows that % — %p <
lu(x)| < % + %p forx € B, (x0) N 2. Let p = ﬁe,then

<lu@)| =< <1l—ju@)| =

|
[N IEN

)

= ool —

forx € B 1, (xo) N L. It follows that

1
8Co
1 2 N\ 1
2 2 2
/ Val + 5 (1—|u|)z(§);23

. (x0)N<2

8Co

| E(xo)ﬂﬂ‘. 2.21)
B

e
Since €2 is a smooth domain, we can find @ = « (2) > 0 such that

|B, (x0) N Q| > ar? (2.22)
forx € Q and YO < r < 1. We deduce from (2.21) and (2.22) that

L w2 (11 1 \?
Vul” + =5 lul (1—ul®)” = ) 2 \sqe) =

B 1 (x0)N<

8Co
O
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16 D. Spirn, X. Yan

2.3.2 Ball construction

2
Throughout this subsection, we shall assume |u| > % on 02 and Gesh < M, = C II(Lgi;\.
&
Central to the proof of our critical field theorem is the following lemma that initializes a set

of vortex balls with the correct size and correct energy.

Lemma 2.9 Let Sy, ..., Sk be connected components of {lus (x)| < %} that intersect

{lus (x)| < %}. There exist constants €y, 8 > 0 and balls B centered at xj and of radii
rj, j ={1,...,1} such that when & < &,

Ui_, i c Ui_B;, (2.23)
and forany j € {1,...,1}
1
Lj= lt € (0, rj) : 0B (xj) N [Ius x)| > 5] #0 ]
satisfies
|L;| = ér. (2.24)
Moreover, there exists a constant Co = Cy (8, ) such that fori = {1, ...,1},
1 C
Vuel? + = lul (1= ) ds = =2r. (2.25)
£ £

B (xi)N$2

Proof To prove this claim, we pick x; € dS; and define
3
ri :sup[r>0:8B,(xi)ﬁ[|u(x)| < Z] *0 VO<t<r],

L;

[re 0,1 : 0B, (xim[m(xn > %] ;A@].

We discuss two cases. The first case handles large balls, and the desired lower bound
follows quickly. The second case handles small balls. The small-ball case is rather difficult,
and we need to increase the size of the ball by iteration until the lower bound holds or we
attain the size of the ball in Case 1.

2
Case Il r;i > 2Ce “Oug—fl. Here C is a constant depending only on €2 and the estimate constant

&

C5 given by the covering argument for {|u (x)| < %} in Lemma 2.1. Recall that there exists
constants o = « (2) and 7 such that for all 0 < r <7 and for all x € Q,

|B, (x) N Q| > ar’. (2.26)
On the other hand,
T
|B, (xi) N Q| = / ldx =/|aB, (x;) N Q| dt

By, (x)NQ 0

=/|8Bt (x;)) N QA dt + / 0B, (xi) N Q| dt
L (0.5 1\L;
llog e

I

< 2mr; |Li| + riCse (2.27)
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 17

Where in the last inequality, we used Lemma 2.1 and the assumption G < M, = C ”05 el?
It follows from (2.26) and (2.27) that if ’
2C5 |log |?
ri > ——
o w2
then
ILil > =, (2.28)
e .
ie., for C = C5 and r; > 2C810§ £, then (2.24) holds with §; = 7.
To prove the energy bound (2.25), we note for any ¢ € L;, we have
dB; (x;) N [|u| > 7] # 0, (2.29)
and
9 B; (x,-)ﬂ[|u| < 7] # 0. (2.30)

By continuity of u, this implies the existence of a point y € 9 B; (x;) such that 5 L<qul < %

In fact, if 9 B; (x;) N {2 < lul < 4} = (, from (2.29) we must have

dB; (x;) N [Iul > %] # 0.

This and (2.30) implies there exists a point y € 9B; (x;) with |u (y)| = %, contradiction.

Since % <lu@y)| < 3 it follows from Lemma 2.6 that

1 C
Va4 = luf® (1= ul?)*ds = =L,
&
3B, (x)NQ

From this and (2.28) we conclude

1 2
|Vul* + = lu)® (1 — [ul?)” dx

By, (NS
Z/ / IVul> + — |u| (1- |H|2)2def
8
Li 3B, (x))NQ
e, G _eC
~ 4 e AT ¢
Case2 r; <2c5“°g8' .Let 8o = min(81, £), where §; = 2 is from Case 1 and 8 € (0, 1)

is a constant determmed later. We make our ch01ce in the following way.

Case 2.A (2.24) holds with § = Jp.
In this case we keep this choice of x; and B,, (x;). The energy bound in this case can be
proved in the same way as Case 1.

Case 2.B (2.24) fails for § = §.
In this case, we replace B, (x;) by another ball through a replacement procedure.
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18 D. Spirn, X. Yan

First we introduce a ball of twice the size of B,, (x;). By the definition of r;, |u (x)| > % on
9By, (x;) and there must exist a point P € d(B,, (x;) N ) such that |u (P)| = %. Otherwise
if Ju (x)] > % on d(B,, (x;) N ), then there exists a small n > 0 such that |u (x)| > % on
d(B; (x;) N Q) for r; —n < t < r;. Contradiction to the definition of r;. Pick this P and
consider By, (P). Let L~, = {r € (0,2r;): aB; (P) N {Ju (x)| > %} # (}. We claim that
there exists a constant 8 > 0 such that

|Li| = B -2r:. (2.31)
and there exists a constant C > 0 such that
1 C - 2r;
/ Vul? 4+ = Jul? (1= ul?)?dx = —%, (2.32)
e e
Bay, (P)NQ
Proof of (2.31) There are two cases.
Case a B, (x;) C 2. For such balls, we have vVt € (0, 2r;),
0B (P)N OB, (x;) #9, (2.33)

therefore (2.31) holds trivially with g = 1.

Case b By, (x;) N2 # §. For those balls intersecting the boundary, we have two possibil-
ities. If we can find P € dB,, (x;), since there exists constant x > 0 that

|BBrl. (xi)N Q| > K1y

when ¢ < gg. This implies (2.33) holds for V¢ € (0, cr;), where ¢ is a constant depending
on k. It follows (2.31) holds with a constant 8 depending on k. If no such P exists, we must
have |u| > % on dB,, (x;) and there exists Q € 32N B, (x;) such that [u (Q)| = %. In this
case, we choose our P such that

dist (P, 0By, (x;)) < dist(Q, 3By, (x;))
for all Q € a2 satisfying |u (Q)| = %. For this choice of P,
3B (P)N OBy, (x;) # ¥, Vi€ (0,r; +dist(P, 3By, (x,))).
Therefore, (2.31) holds with 8 = 1.
Proof of (2.32) We note since (2.24) fails for § = §g, for all t € [0, r;]\L;, since

a&unchM<%y

we deduce
1
8E%AHOPM<5]#&
and

[0, ri]\Lil = (1 =) ri. (2.34)

Casea B > 3. Since forallt € (0, ;)

a&rmmmme%}#w
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Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 19

This implies r; — ¢t € Zi, forall t € [0, r;]\L;. A similar argument as in Case 1 yields

1 C
Vul? + = ul? (1 = |ul?)*ds = =L (2.35)
€ €
3By, — (P)NQ
This and (2.34) implies
1 2
Vul? + — 1l (1 — lul?
/ [Vul +£2 lul” (1 = |ul”)
By, (P)NQ
2r,-
_ Vul + Lk 2)2
= |M|+87|u|(—|u|)
0 9B, (P)NQ

1 2
> / / Val o+ fal? (1 = P
t€[0.r{1\L; 3By, (P)NQ
C C
>La-o)rn=-0-5-2n, (2.36)
£ 2e
Caseb B < % In this case we have 8 > 2§ and |L;| < dr;, this yields
B
[[0, Bri]\L;| > ST
This and (2.35) implies

1 2
|Vu|2+8—2|u|2(1 — [ul?)

Boy, (P)NQ
Bri
2 1 2 2\2
> [Vul +87|u| (1 —Jul”)
0 0B,(P)NQ
2 1 2 2\2
> Vul® + — Iul (1= Jul®)

{t€[0, Britri—t€[0,r;1\L;} 3 B; (P)NS
B Ci  Cip
> Eri? = - 2r 2.37)
(2.36) and (2.37) yields (2.32) with € = min (52, § (1 - ).
We now start our replacement procedure.
Case 2.B.I 3By, (P) N {lu(x)| <3} =9.
In this case we replace x; by P and By, (x;) by By, (P) and stop. From (2.31), (2.24)
holds for the new choices with § = B and (2.32) gives (2.25) for this new choice.
Case 2.B.II 3By, (P) N {lu(x)| < 3} # 0.
In this case, we consider Bi (P) where 7 is defined by

3
7:sup[r > 2r; 1 0B, (P)ﬂ{lu(x)l < Z] = ) for all 2r; <t<r].

r
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20 D. Spirn, X. Yan

Case 2.B.Il.a 7 < 4r;.
Consider

1

L= [re (0.7): 8B, (P)N ||u(x)| > 5] ;éw],

we have

| =

[z € (0.2r) : 9B, (P) 1\ [|u(x>| > %] #@H

> B2r; > 27.

In this case, we replace x; by P and B,, (x;) by By (P) and stop. Clearly, (2.24) holds with
= g Moreover, from (2.32),

/ |Vu|2+i2|u|2(l—|u|2)2dx
B+(P)NQ ¢
> / |Vu|2+l2 ul? (1 = u?)” dx
By, (P)NQ ¢
. C . 2I”i

C_
> —r,
e T 2
(2.25) in this case follows with C, = %

Case 2.B.IL.b 7 > 4r; and satisfy (2.24) with § = 8y, we replace x; by P and B, (x;) by
B7 (P) and stop. We prove the energy bound (2.25) in this case. Consider

= 1
L= [z € (2ri,7) : B, (P)N [|u| > 5] #@].
If‘z‘ < %(7— 2r;), since |Z| > 57,

g(F—Zr,-)—i—Zri > |L| = 47,

ie.,

2r; >

It then follows from (2.32) that

1 2
|Vu|2+8—2|u|2(1— ul?)” dx

B+(P)NQ
> WVl 4 (1= lul?)’ dx
> >

By, (P)NQ

c.oy C 5 _
> > — . —7
- & T e 2-96

On the other hand if |Z| > % (¥ — 2ry), then recall V¢t € (2r;,7),

3

3B, (P)N [Iul < Z] £ 0.
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Foranyt € L, a similar argument as in Case 1 implies

1 C
Va4 = luf® (1= Jul?) ds = =L,
& &

3B (x)NQ

Therefore,

1 2
|Vu|2+;2|u|2 (1— ul?)" dx

Br(P)NQ
2, L0 2\2
> Vul® + 5 lul® (1= [ul")"ds
2r; 3B (x;)NQ2
1 2
z/ / |Vu|2+8—2|u|2 (1—ul?)"ds
7 0B (x)NQ

1) Ci Cié7r
> — —2ri) s — > —— —.
_2(; ri) e~ 4 ¢

Case 2.B.Il.c 7 > 4r; and (2.24) fails with § = 8o, we replace x; by P and B, (x;) by
B; (P) and start the process again. Keep repeating the process over and over again as needed

2
until either we stop somewhere in the middle or we reach the radius r; > 2C£”°ﬂg—f‘. We

then apply Case 1. In any case, we have (2.24) holds for § = §p and (2.25) for each of the
chosen balls.
Finally, (2.23) follows directly from our construction. O

Next we follow the framework of Sandier and Serfaty [20] to finish the ball construction.
In the following we let

Ecsn(u, D) = /ecsh(u)dxv
D
where D C Q.

Lemma 2.10 u: Q — C satisfying |Vul| < % There exist a constant Lo > 0 and disjoint
balls By, ..., By of radii r; such that

1. foralll <i <I, rj > Xpe.

2. {lu)| <3} CUiBi,and V1 <i <1, {lu(x)| < 5} N B # 0.

3. Vl<ic<l,

Cari
&

1 2
Ecsh (u, B N Q) = / |Vu|2+8—2|u|2(1—|u|2) >
B,‘ﬂQ

Proof First, we include {|u (x)| < %} in balls. We use the balls obtained in Lemma 2.9 and
from (2.25), we have

Csri
o

1 2
/ |Vul* + = ) (1 — |ul*)” dx > (2.38)

We now repeat Steps 2—5 of proof of Lemma 3.1 in Sandier and Serfaty [20] to finish the
proof. O
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22 D. Spirn, X. Yan

Lemma 2.11 Forallr > s > Aoe, if By and B are two concentric balls of respective radii
rands and ifu: B,\ By —> C is such that |u| > %, d = deg (u, dB;). Then

[ it () ()

B,\B;NQ

where A; is a function satisfies the following properties:

1. A (S) is decreasmg onR;.

Ay
2. supS€R+ S(Y) 5 =

3. There exist &g, ty > 0 such that if ¢ < €9 and Ao <t < tg, then

t
‘AE (t) —mlog —
e

<C.

Proof By Lemma 2.5, for hge <5 <t <,

1 2 m2zd*  m?(1 —m)2
2 2 2
/quI o (1= JuP) ds = == + =

dB;

2
_ m’nd? N (5) @ —m)?

- t Ce
2 2 2
memd Cy (1 —
_ n 4 ( m).
t &

Minimize the right hand side with respect to m € [0, 1], we yield

/|w|2 Ll (1= uP)ds > (|;—|)

9B,

with

ab T Cy
fe(s) = at+b a—?

We then repeat the proof of Lemma 3.2 in Sandier and Serfaty [20] to finish the proof. O
We quote the following proposition from Sandier—Serfaty.

Proposition 2.12 [20, Proposition 3.1] Let u: Q@ —> C be such that |Vu|,, < =2, and {B;}
be a family of balls of radii r; satisfying result of Lemma 2.10. Let

deg (u,9B;)) ifB; C Q
di = .
0 otherwise.

Let also so = min; 4,40 ﬁ Then for every s > s, there exists a family B (s) of disjoint balls
Bi(s), ..., Bi) () of radii r; (s) such that

1. The family of balls is monotone, i.e., if s < t, then
Ui B; (s) CU;B; (7).

2. Foreveryi, Ecsh (u, Bi (s)) > ri (s) % with Ag (s) defined by Lemma 2.11.
3. IfBi(s) C Q,d; (s) =deg(u, dB; (s)), thenr; > s |d; (s)|.

We now have the final balls from the following proposition.
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2
Proposition 2.13 u: @ —> C be such that |Vuly, < S, and Ecgh (u) < c“"ug—;'. Then

&

Sfor any o > 0, 3 disjoint balls {B;};c; such that for sufficiently small &
L {lu@)| <3} CUiB;.
2
2. card!] < Cllougif‘.
3. riEC(—llﬁsl)_“i.
4. If B C Qandd; = deg (u, 0B;), then
|log &

Ecsh (u, B;) > m |d;| (|10g8| -0 (log

) e

Proof We start with the balls given by Lemma 2.10 then get larger balls by Proposition 2.12.
We check if sg is small enough to be able to apply Proposition 2.12 for s large enough. Indeed,
50 = ming, £9 ﬁ, but from Lemma 2.10,

e

llog |*
Cri <eEen(u, BiNQ) < Ce——,
M
sothatsy < Ce “05“ . We can then apply Proposition 2.12 forall s > Ce Hogf‘ .In particular,
we choose
(uogel)‘“‘1
S1 =
Me
Proposition 2.12 yields final balls B (s1) such that for all i
o Ag (s1)
it B CQ, Ecn(u,Bi(s)) > S i (s1), (2.40)
with r; (s1) > s1|d; (s1)|. Therefore,
Ecsh (u, Bi (s1)) = Ae (s1) Idi (s,
and from Lemma 2.11,
llog ¢|

N
Ecsh (u, B; (s1)) > |d; (s1)| (7T IOg;l — C) > |d; (sp)l (71 [loge| — O (log

)

Me

This proves the lower bound on Ecgp.
To prove the third assertion, we get from (2.40), that

A (s1) lloge|*
2k (51) < Eesn (u, By () < Cosr (241)
51 1
—a—1
Since 51 = (“;7%6') and A (s1) > 7 |loge| — (1og loge| ) it follows from (2.41)

that

¢ llogel? (uogs\ e
Mg

)al
—a
r(sy) < P\ T sc('log‘g') L
[log €| e e

To prove the second assertion, we recall that from Lemma 2.10 each ball satisfies

i
Econ (u, Bj) > C;l
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with r; > Age, hence carries an energy that is bounded from below by a constant independent

ofe. As Ecqp < C llolggl and the procedure of Proposition 2.12 does not increase the number
of balls, the bound on the number of balls follows. ]

3 Proof of Theorems 1.5 and 1.6
3.1 Existence of minimizer
In this section, we prove Theorem 1.5. We consider the minimization problem of the functional
(2.1) in the space
V={@, A eH (Q0C) x H (Q,R?), suchthat [u| = 1 on 3} .
We have

Lemma 3.1 For all €, u, > 0, hey given, there exists a solution (ug, Ag) of (1.8)—(1.9)
satisfying 5= W — (0 on dQ and (ue, Ag) is a minimizer of Gesh (U, A; hey) in'V.

Proof LetW = Mps po WP We prove the existence in two steps. For simplicity of notation,
we write Gegh (U, A; hey) as G (u, A).
Step 1: Let

1 u? Jeurl A — hyy |2 2
Gk(u,A>=2/[|vAu|2+ 1 — "+ 52|u| (1—1ul?)"|.
k2

lu|? +
Q

We consider the penalized minimization problem infy Gy (u, A). We claim there is a min-
imzer (vk, By) for Gy (4, A) in V. Let (v,, A,) is a minimizing sequence for Gy (u, A) in
H' x W and |v,| = 1 on Q2. We choose A, such that divA, = 0 and A, - v = 0 on 99
and write A, = (—&py, §4x). By Lemma 2.2, we have forall 1 < p < 2,

17y = hexllr < C. | Va,un] . =€ (3.1
and  [lpally < C. (3.2)
By Sobolev embedding, (3.2) implies
lonllps = C V1 <gq < o0, (3.3)
Since A&, = curl A, = h,,, by W!P estimates for elliptic equations, forall 1 < p < 2,

lAnllwee < N&nllw2r < A&l < 1hn — hexliLr + lhexllLr < C. (34
By Sobolev embedding, this implies
[AnllLe =C, V1 <gq <oo. (3.5)
By (3.1), (3.3) and (3.5), we conclude

/|wn|2 < 2/|vAu|2+|An|2 |un)?

Q Q

1
2
4 4
<C+ /|An| /Iunl <C. (3.6)
Q Q
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From (3.4) and (3.6), subject to a subsequence, we have
Up — U in Hl,
Ay —~A WmWhP Vi<p<2
and
hy —hexy =~ h —hey inLP V1<p<2.

In particular, |#| = 1 on <2 by the trace theorem. Since

hn_hex SC,
24 1L
pn+k2 12
and
hy, —h 1
hp —hex = nie)lc. p,%"‘p»
Pr%'i‘k*z

2+i—> 2—|—i inL?, Vl<p<oo
pn k2 p k2 1 9 p 9

we conclude
- hex e h - hex

hn m
1 1
VitE e+

It now follows from lower semicontinuity of the functional that (u, A) is a minimizer of
Gy (u, A)in H' x W. In particular, (u, A) satisfies the Euler-Lagrange equation

L2

2
. % curlA —h
Ja(u) = TvL ——1 ) (3.7)
Pt
Since
’ I Va2 < C
L2
(3.7) implies

<C.

lvl curl A — hey
P P>+ 2

It then follows forall 1 < p < 2,

v curle —lhex
Ptz

L2

lvl curl A — hey
P ,02+k%

< el 2
L L2 L*p
<C.
Given h = h,, on 02, we conclude
curle —]hex <clv curle —lhex <c
PrE rrt L
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26 D. Spirn, X. Yan

By Sobolev embedding,

curl A — hey curl A — hey

— 1 | =C|l—Q>—1 < C forVl <gq < oo.

Ptz La Ptz wl.p
Pick g > 2,
curl A — h 1
||h_hex||L2§ 271” )024‘*2 2 -
PPt kElla=

This implies
VAl 2 < llcurl A — hexli2 + llhexll 2 = €

ie., (u, A) € H' x H' ¢ H! x W. Since (u, A) is a minimizer in H! x W, therefore, a
minimizer in H' x H'. Since |u| = 1 on 3%, (u, A) € V.
Step 2 Let (u;,, A,) be aminimizing sequence for G (1, A) in V and (v,, B,) are minimizers
of G, (u, A) in V. Therefore,

G (un, Ay) > Gy (”n,An) > Gy (vn,Bn)

and (v,, B,) satisfies

2 2
w” |curl By, — hey| 1
- T”—e;u =V} un+ ol (1= lunl?) (3 1unl* = 1) (3.8)
(+2)
2
. % curl B, — h
Jgy (o) = oV (3.9)

for p, = |v,|. By estimates from Lemma 2.2, we deduce (v,, B,) is a bounded sequence in
H' x H'. Subject to a subsequence, we can assume

(n, By) = (u, A) inH' x H'

and |v| = 1 on 9. In particular,
curl B;, — hey IR curl A — hey
p2 + L p?

n2

in L2.

It then follows from lower semicontinuity that
ir‘}f G (u, A) =1im G (un, Ap) = liminf G, (vs, By) = G (u, A).

Therefore, (1, A) is a minimizer of Gy, in V. Passing to the limit in (3.8) and (3.9), we find

that (u, A) satisfies the Euler—Lagrange equation (1.8)—(1.9).

Finally, we prove % = 0 on 9. Since (u, A) is a minimizer of GghinVand A-v =0

on 052, we have

d
/a—”gads — 0 forall ¢ that |u + ¢| = 1 on 9S.
v
aQ
Choosing ¢ = —2u, this implies IBQ g—l’fuds = 0. It then follows

d
/a—u(p ds =0 forall ¢ that |¢| = 1o0n 9.
v
80
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From this, we conclude g—z =0onof. m]

3.2 Energy splitting

This section is devoted to the proof of Theorem 1.6. The proof is done in several steps.

3.2.1 Basic energy estimates

In this section, we present some basic energy estimates on a minimizer (u#, A). Recall that,
for a suitable choice of gauge, div A = 0, and there is a function £ € H 2(Q, R) such that
A = VtE = (=&, &,) with & = 0 on 9Q. Thus,

h = curlA = A, (3.10)
and |Vaul? = |Vu|® = 2(iu, Euy, — Exliyy) + lu|? |A|%. We introduce &p as the solution
of the following equation

2
—LEA%)+ A& =0 in Q,
A =1 on 3%, (3.11)
& =0 on 9.

We decompose & as

";: :hex§0+§ (312)

so that ¢ = A¢ = 0 on 2. We have the following estimate on &y and &.

Lemma 3.2
e _ M
4 A‘%‘O + EO - 4 n Q (313)
& =0 on Q2
with
2
—% <E <0 inQ,
0<Aép<1 in<,
[Vl < C.
Moreover, when . —> 0,
I
sup [&o| = f (I—-o(1). (3.14)
Q

Proof (3.13) Follows easily from (3.11). In addition, the maximum principle applied to (3.11)

2
yields that 0 < A&y < 1 in 2 and then —% <& <0in Q.
In order to establish the gradient bound, we note || Aég |l .» < I|1llzr < Cpforall p < +o0.

Therefore, ||§o|yy2» < C and hence |V&p|,, < C by Sobolev embedding once we fix p > 2.
Consider “Tzf(y) = £p(x) where y = %x, then

(3.15)

—Af+f=—-1 inQ,
f=0 on 092,
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28 D. Spirn, X. Yan

and0 < Af <1,-1< f<0,|Vf] < ;7 Since €2, approaches infinity when i, —> O,
we claim f ~ —1 except near boundary. In fact, let Bog C €2, integrating (3.15) over By,

then integrating ¢ from R to 2R

//(f—i—l)—//af_c//tf te’g dtde

R B; R 0B;
2R

<c /[2Rf (2Re"9) _Rf (Re”)]de +% //f (te”) tdtdo

S1 sl R
< CR.

Since f + 1 > 0, it follows that R [, (f + 1) < & [z (f +1) < CR. This implies

fBR(f + 1) < C, hence

Ka:]{x:xeBRandf(x)>_1+JlT€}|SCL.

N

'Z

Choosing R = 1,
and (3.14) follows.

21,2
shex

Lemma 3.3 For (i, A) minimizing Gesp in V, we have Gegh (i, A) < Cu

/ Vil < culn?,,

Q
[a—mey < ceund,
Q
~ Ch
NG P u:x + Chey.

Proof As (u, K) is minimizing, we have
Gesh (ﬁ, A) <Geh(1,0) = ?hzx 12|
and [, |V;ﬁ|2 < Gen(@t, A) < Cughgx. To prove (3.16), recall
1 - | —~ 2 -~
3 [IVEP 4 P (1= @) < Gew (7. 7) < Culi,

By Cauchy—Schwartz,

1 _ 1 _ -
5/ VIR + 5 (1- %)’ [l
Q

A%

1 - D]~
7/|V|u||-|1—|u|2||u|
£
Q
1 ~22
o [[7 (a-@ey)|.
Q

%

< Mg ! then B €| —> Oas ug —> 0. Therefore, min f(x) =

—14o0 (1)
O

and

(3.16)

3.17)

(3.18)

(3.19)

Since |u] =1 on 0%, (3.18) and (3.19) together with ~Sobolev embedding imply
fg(l — )2 < Ceushz Finally, the gradient estimate on & follows from Lemma 2.2. O
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3.2.2 Splitting of energy

From now on, we assume h,, < C—5— “Ogs\ LetQ = Q\ Ujer Bi, where {B;};c; is the family
of balls given by Proposition 2.13. We have the following identity.

Lemma 3.4

1 1
§/|VAM|2:/(§’VM—Z'VL{M‘ + h2 IVEI? + hex Vi - V{)

Q Q
+27her D diko (i) + o (1).
iel
Proof From (3.10) and (3.12),
2 1 2 2 2 2
IV aul :‘Vu—iV {u’ + 12, |ul? Vel
2 (w —ivicu, —ihexVJ'Eou) .

Moreover,

/(w-zvi;u —lhexV Eou :/ Vu, —ihe,vVléE()u)—i—hex/IMI2 Vé&y - V¢
Q

Q Q

and
1 1
2
2
hex/(1—|u|2) VE) - V| < hex /(l—|u|2) IVEo| o /|v;|2
Q Q Q
1
< chetlozel _
&
1
2
2
hﬁx/(l— ul?) IVEol* < ke, /(1— )| 1veol
Q Q
1
- o ezl _ )
Me
The proof is completed using Lemma 3.5. O

Lemma 3.5 Ifo > 7 in Proposition 2.13,

/ (Vit, —iheeV-6ou) = 2her Y digo (@) + o(1).

Q iel
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Proof We follow a similar idea as in [20]. First for any (“ 1) <p <o,

/ (w, —iheXVlsou)

UB;

< V&0l hex /|W|2 /|u|2

Ui Bi Ui Bi

1 [loge]\> -1 -
SC*(| . |) Il o () (card )27 - (maxr;)' ~7
He

Me

[log ¢ 3-3 [log ¢ _“(]_%) 1
=C > =o0(l).
e e 2=5

Me

Let Q = Q\UBj,v= \u\ and integrating by parts, we get

/ (Vu’ _ihexvlfou) = hex / (iu, (SO)xz Ux, — (§O)x1 uxz)

Q Q

/(lv dv Ad&y) +o0 (1)

= ex/§0( )+0(1)
JB;

We claim that forany i € J ={i € I: B; C Q},

2
hex/go (iu, ‘l”) = 2thoydiko (ai)—{—o(( He ) )
T [log ¢|

9B;

To prove this claim, let
1
U; = XGB;’1|M|SZ .
Then U; doesn’t intersect d B; and by Stokes” Theorem

d d
/ (6o — &0 (@) (iv, al) - / (60 — &0 (a;)) (iv, l)
T aT

dB; aU;

" d
= /dsoA(iv,—a”) < C|Véoloo i /|Vv|2
T

Bi\U; Bi\Ui

SC( e )“1|1ogs|:C ! ( e )“‘2.
llogel) we pe — llogel \Jlogel

1

2
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On the other hand, since |u| = % on dU;,

v
hex / (0o — %o (az))( T) 16hex/(d?;'0/\(lu du) + (50 — &0 (ai)) (idu, du)) .

Therefore, for 2(0‘ 61) < p <00,

. dv
hex/(éo—éo (@) (w, 37 )
T

aU;

< 16 |hes / d&o A (i, du)| + 16 ey / (B0 — & (@) (idu, du)

U; Ui
< Chey |V§0|oo/|udu|+Chexri IV%“0|<><>/|VM|2
U; Ui
1 1
2 2 5
loge loge “ 1 [|loge
_Cl g2| /|Vu|2 /‘uz‘ +C| g2|( Me ) 7(| g |)
75 us  \Hogel) wpe \ we
U; U;
loge| |log e 1-2 a3 " 2
~c! gZHg'IIuIILp(g)r,» ,,+C( ue) =0 ( g) '
HE e [log &| [log ¢ [log &

We next deal with balls that intersect 2. We claim that for all i € I\J,

2
/ &y (iv, dv) _0(( ) ) (3.23)
[log¢|

IBiNQ

The proof is very similar to that of (3.22). Since &y = 0 on 92, letting U; = B; N {|u| < %}

2
fex / §0 (v, dv) = 16/er / déoA(iu,duHo(( He ))
[log €|

dB;NQ U;NQ

2
"
Chex |VSO|OO/ jucu +0((|10g€£|) )
Ui
C( e )“(‘—Z)—4+i L ( e )2
- |log & |10g8|2_% |log &
-0 Me 2
[log ¢|

for 220 - ) < oo. Using (3.20)~(3.23), and the fact that card ] < C (“"gs') , the
[m}

IA

conclusmn of the lemma follows.
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2 2
Lemma 3.6 Let G = [, "e V&> + L h2, | A& — 12 We have the following identity:

2
m
§/|h—hm|2+ / IV +/hexvso Ve =Got e /|Ac|
Q

Proof The proof of this lemma is similar to the proof of Lemma 2.4 in [20]. m}
A direct corollary of the previous lemma is the following:

Lemma 3.7

= hox 2
re [ e /hix|vso|2+/hexvso-vc
Q

8 |u|?
Q Q

2
=G0+§£/IA§|2+0(1).
Q

Proof We write

|h — hex|2 / 2, |h — hex|? 2
[h — hex|” + L—ul”).
8 ) |M|2 | |2 ( )

We can bound

2

2 2 2
Mg [h — hexl 2 Mg h — hex )
—= [ —— (1 — |ul]") < — ul (1 —lu u
; proan U IVIES o v W (IR T PR
Q
with 1 +7 = 2 Using || | Lp < 2«/ e, llullpe < Cy,and |[(1— |u| Nulll2 < e/ Mg,
the conclusmn then follows from Lemma 3.6. ]

Lemma 3.8

/’Vu—luvlg‘ Z/IVulz—l—o(l)

leIB

Proof

2 2
/)Vu—iuvl;“‘ > / ‘w-mv%‘

Q Uier Bi

2
- / |Vu|2+|u|2‘VJ‘;" —2(Vu,iuVJ‘§).

Uier Bi

@ Springer



Minimizers near the first critical field for the nonself-dual Chern—Simons—Higgs energy 33

By Lemma 2.2, |V¢ oy < Al + hex [Eol o < c%; therefore,

2

/(w,iuvL;) < IVely /|Vu|2 /|u|2

o=

Uier B Uier Bi Uier Bi
log¢| |log e 1-2 1_1
< C@| gel lullLryr; " (cardl)?™»
“’g &
(a—l)(l—%)—4+% 1
<c|te ——— =),
loge lloge*~»
for p > 0(2%5, the conclusion follows. O
From this lemma, we deduce that
1 2 1
5/‘Vu—iuVJ‘§’ —l—(?2|u|2 (1—|I/t|2)2
Q
> 1 Z/ Vul + — [ (1= uP)* + o (1)
Q4 g2
iel B;
= Eca (1. B). (3.24)

iel
and the last term is bounded below by (2.39).

Proof of Theorem 1.6 We deduce from Lemmas 3.4, 3.6, 3.8 and (2.39), that

Since (u, A) is a global minimizer, G (#, A) < Gy, thus

loge
Y ldil (|loge| -0 (log f D) < —2he D diko (a)

iel iel

Gesh (4, A) = Go + 2hey Y difo (a)

iel

+7 Y |d;] (|10g8| -0 (log

iel

log |

&€

< 2mhey D ldi| max €] .

iel

Assume /1, > e 1°2¢1" for 0 < o < 1, then [log ps| = o (logel). If 3, Idi| # 0, we

deduce that
1 2 |log ¢|
hey > — (|1 - 0|1 = h, & .
= 2 max (&l (' ozl (°g )) Tz

Consequently, if #.;x < h.,, we must have d; = 0 for each i € I. Then from Lemmas 3.4,
3.6, 3.8 and (3.24) that

loge

He

Go = Gesn (u, A) = Go+ ) Eesn (u, Bi) +0(1).

iel
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Therefore,
> Ec (u, B) <o(1). (3.25)
iel

We conclude that |u| > le in B;. Otherwise since |u| > % on dB;, if |u (xg)| < % for some

Xo € B;. Then there is point x| € B; such that |u (x1)| = % by continuity of u. In particular,
we can find a point Q € 9 B; such that dist (x;, d B;) = dist (x1, Q). From this,

1 3 C
5~ g S (@1 = lu ()] < Vulsg Int — Q] < 7°|x1—Q|.

[\

Therefore, B e (x1) C B; and a similar argument as in Lemma 2.6 implies there is a
0

constant yy that
Ecsh (u, Bi) > Ecsh (u B (xl)) =0,

which contradicts (3.25).

We now finish the proof of the critical field strength. We show that if 4., > M‘;S'

then
there must be a vortex. We prove this by contradiction. Let (1., A;) be a minimizger with
Zjej ’dj| = 0, then from argument above, we have |u| > %. We claim Gegp (ug, Ag) >
Gesh (17 hexVszO) +o(D).

We write A = he, V1& 4+ V1 ¢. From Lemma 2.2 and energy splitting Lemmas 3.4, 3.7,
we have

1 . 2 1 2
Gesh (e, Ag) > 5/‘Vu£ —IMSVLC‘ +? |u£|2 (1 - |ua|2) + Go

Q
F2he S dito (a,>+—/|A;|2+o<1)
iel
Since
1 . 1 2 1 2 . 1 2 1 2 2
3 |Vue — iuc Ve | =5 | IVuel® =2j o) - V¢ + Ve 4 2 [ IVEF (Jusl” = 1)
Q Q Q

1
= 5/|wg|2—2j (e) - VEC+ VP +o (D)

and 3¢, |d;| = 0, by a similar argument as in proof of Lemma 3.5, we conclude

/j(u£)~vL¢=o(1).
Q

Therefore,

Gesn (e, Ae) = Eesn (1) + Go + 2= /|A;|2 /|v;|2+0<1)

Since (ug, A) is a minimizer, we have Gesh (e, As) =< Go; therefore, Eceh (ur)+
2
B [ 1A¢17 + % o IV¢I? = o (1). Therefore,

Gesh (ug, Ag) > Go+o(1).
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We now construct a sequence of functions (#, A) which have lower energy than Meissner
2

energy when hi.x > % Fix pointa € € such that |& (a)| = supg |&] = % (1 — o (1)).

Let Ag = hex V&g + V1, where & is defined by (3.11) and ¢ satisfies

2
- %Azg LA =278 inQ (3.26)
AL =0 onadQ2

where §, is an approximation of a §-distribution given by

% lx —a|l <e¢
% (1) = (7)15 else

Define u = pe'?, where p is defined by

0 [x —al <e
p(x)= lxsé”l—l e <|x—al <2
1 |[x —al > 2¢

2
and ¢ is given by Vo = Ag — %Vl curl Ag. We write & = curl Ag. Then for any Bg D {a},

2 .
faBR = fBR —%Ah—i—h = 2. A direct calculation shows Ecg, (1) < 7 log M +

C < m |loge| + C. We define A as the solution of

curlA = p (curlAg — hey) + hey in Q
divA =0 in
A-v=0 onadQ.

Then

1 [ 2 lh—he* 1 2

Gesh (u, A) = /,02|V(/)_A|2+|V,0|2+*/7872”+7p2 (1—p2)
2 4 P &

Q Q

N =

. 1 1
Eea <u)—/1<u)-A+5/p2|A|2+f|cur1Ao—hex|2

Q Q
. 1 2 Mg 2
= Ecsh (u) — [ j(u)- Ao+ 2 [Aol” + T [curlAg — hex|” + 0 (1)
Q Q

= Ecsh () — / J W) -V (herbo + )
Q
u2 1
+Go+§/|Ac|2+5/|va2+o<1)
Q Q
2

7 |loge| + C + Gy —Znhgx%

IA

1" 2, 1 2
1 [1acp+ 3 [1vep +2mc @),
Q Q
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The last step follows from similar argument as in Lemmas 3.5 and 3.7. Multiplying (3.26)
2
by ¢ and integrating over Q2 shows % Jo |AC? + Jo |V |? = —=27¢ (a); hence,

n? 1
§/|Az|2+5/|vz|2+2nc<a) <0
Q Q

and we have

2
Gesn (u, A) = Go + 77 lloge| = 2hes 2+ C.

When hoy > %, there exists 8 > O such that
&
2 c
7 loge| — 2nhex% £C<C—5|loge| < —%.
Thus
IC|
Gesh (u, A) < Go — 7 < Gesh (e, Ag) .
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