Manuscript submitted to 10.3934 /xX.XX.XX.XX
AIMS’ Journals
Volume X, Number 0X, XX 201X pp. X—XX

STABILITY OF DISLOCATION NETWORKS OF LOW ANGLE
GRAIN BOUNDARIES USING A CONTINUUM ENERGY
FORMULATION

ABSTRACT. Low angle grain boundaries can be modeled as arrays of line de-
fects (dislocations) in crystalline materials. The classical continuum models
for energetics and dynamics of curved grain boundaries are mainly based on
those with equilibrium dislocation structures without the long-range elastic
interaction, leading to a capillary force proportional to the local curvature of
the grain boundary. The new continuum model recently derived by Zhu and
Xiang (J. Mech. Phys. Solids, 69, 175-194, 2014) incorporates both the long-
range dislocation interaction energy and the local dislocation line energy, and
enables the study of low angle grain boundaries with non-equilibrium dislo-
cation structures that involves the long-range elastic interaction. Using this
new energy formulation, we show that the orthogonal network of two arrays of
screw dislocations on a planar twist low angle grain boundary is always stable
subject to both perturbations of the constituent dislocations within the grain
boundary and the perturbations of the grain boundary itself.
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1. Introduction. A grain boundary is the interface between two grains that have
the same crystal structure but different orientations in a polycrystalline solid [16, §].
The structures and properties of grain boundaries play important roles in plastic
deformation, fracture, corrosion and phase transformations of the crystalline materi-
als. If the misorientation angle between the two grains are small, the grain boundary
in between is called a low angle grain boundary, and in this case, the grain boundary
can be modeled as arrays of dislocations — line defects in crystals [16, 8].
Dislocations are characterized by their Burgers vectors. The elastic displacement
vector increases by a constant vector along any small loop enclosing a dislocation,
and this vector increment is the Burgers vector of this dislocation. For an edge
dislocation (or at an edge point on a dislocation), the Burgers vector is perpendic-
ular to the dislocation (or the line direction of the dislocation); while for a screw
dislocation (or at a screw point), the Burgers vector is parallel to the dislocation
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(or the line direction of the dislocation). In a general case, the dislocation line may
have an arbitrary angle to its Burgers vector, and the dislocation is of mixed type
of edge and screw [8, 18].

Grain boundary properties are strongly coupled with their structures. The clas-
sical continuum frameworks for energetics and dynamics of curved grain bound-
aries are mainly based on the classical Read-Shockley energy formula derived from
equilibrium planar grain boundaries consisting of regular arrays of straight disloca-
tions [16, 8, 15], and the capillary force proportional to the local curvature of the
grain boundary [7]. Discrete dislocation dynamics models [9, 5, 19, 1] have been
employed to study the energetics and dynamics of low angle grain boundaries with
nonequilibrium dislocation structures [10, 13, 11], to which the classical continuum
models of grain boundaries do not apply. An attempt was made in Ref. [12] to con-
struct a phenomenological piecewise quadratic energy density function on a plane
whose minimizer is in the form of structural units [17] and is able to approximate
the orthogonal dislocation network structure on a planar twist boundary.

Recently Zhu and Xiang [21] derived a continuum model for dislocation structure
on low angle grain boundaries that are allowed to be nonplanar or nonequilibrium.
They introduced a scalar dislocation density potential function on a grain boundary
surface to describe the the orientation dependent continuous distribution of dislo-
cations with same Burgers vector. This continuum formulation incorporates both
the long-range dislocation interaction and the local dislocation line energy, and are
derived from the discrete dislocation model. When a grain boundary has an equi-
librium dislocation structure, the long-range elastic energy cancels out, and the new
continuum formulation reduces to the classical Read-Shockley energy formula.

In this paper, we study the local stability of dislocation network structures of
low angle grain boundaries using the new continuum energy formulation of Zhu and
Xiang [21]. In the literature, continuum models for the motion of grain bound-
aries were developed under the assumption that the underlying dislocation struc-
tures are always in equilibrium (i.e., the long-range elastic energy always cancels
out) [4, 3, 15], and as a result, a planar grain boundary is stabilized by the capillary
force proportional to the local curvature of the grain boundary [7]. The classical
Read-Shockley energy density formula [15] takes the form of §log(1/6), where 0 is
the rotation angle of the grain boundary (See Eq. (12) in the next section for an
example). This formula does not give the stability of the dislocation structure of a
grain boundary with rotation angle 6. (See the discussion after Eq. (12) in the next
section.) Previously in [20], Zhu and Xiang studied the stability of a perturbed
symmetric low angle tilt boundary consisting of single array of edge dislocations
under the glide Peach-Koehler force (in which the perturbations are limited to the
slip planes), using both the discrete dislocation dynamics model and the continuum
force formulation they derived that includes the long-range effect. In this paper, we
study the full stabilities of low angle grain boundaries in terms of the energy that
include the stability subject to perturbations of the constituent dislocations within
the grain boundaries as well as that subject to perturbations of the grain boundaries
in their normal directions. We use the continuum energy formulation of Zhu and
Xiang [21], which is able to examine the long-range elastic energy associated with
these perturbations.

We focus on the stabilities of a planar low angle twist boundary that consists of
two orthogonally intersecting screw dislocation arrays, see Fig. 1. We show that in
the physically relevant regime, the second variation of the total elastic energy with
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respect to the change of the grain boundary and the change of dislocation structure
on the grain boundary are positive definite, thus the grain boundary is always stable.
This study also provides a basis for further investigations of energetics and dynamics

of the low angle grain boundaries using the new continuum energy formulation of
Zhu and Xiang [21].
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FIGURE 1. (a) Schematic illustration of a twist boundary. (b) Dis-
location network consisting of two orthogonally intersecting screw
dislocation arrays on a low angle twist boundary.

The rest of this paper is organized as follows. In section 2, the continuum model
of Zhu and Xiang is reviewed, and the orthogonal dislocation network on a low
angle twist boundary is described. We then present our main result on stability
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in section 3. Proof of the main theorem is presented in section 4. Some lemmas
needed in the proof of the main theorem are summarized in section 5.

2. Review of the continuum model and dislocation network on a twist
boundary. We first review the continuum model introduced by Zhu and Xiang [21].
Consider the dislocation structure on a grain boundary surface S. A dislocation
density potential function n defined on S is introduced to describe the distribution
of the constituent dislocations on S with the same Burgers vector. It is a scalar
function such that these constituent dislocations are given by its level sets {n =
j,where j is an integer}. Under this definition, the local dislocation line direction
is represented by

t = Vsn X n
[Vsnll
and the inter-dislocation distance on S is
B 1
IVsnll

Here n is the unit normal vector of S and Vgn = Vn — (n- Vn)n is the surface
gradient of 7 on S.

We consider J dislocation arrays on a low angle grain boundary S with Burgers
vector b, j =1,...J. These arrays of dislocations are represented by dislocation

density potential functions n;, j = 1,---,J. The continuum formulation of elastic
energy of these dislocation arrays on S is given by
ES = Elong + Elocab (1)
where
1 LS s (T (o) xne) x (9,0 xnw)) (2 6)
Biong = 5 ZZ/ dS, / ds, { =
1=1j5=1
L (Vs (@) xn (2) - bY) (Vsn; (3) x n(y) - b))
T Iz —yll
_r ( _ b(z‘))
=y (Vsmi (@) xn (@)
Vo @ Vel =yl (Vsn; () x m(y) x bO) (2)
and

b(l) (Vsmxn b<'))2 1
EBlocal = Z/ 4r(1—v) |: - V( ()2 (| Vsn,|> [V sn;]| log mds. (3)

Here p is the shear modulus, v is the Poisson ratio, p(i) = ||b(i) ||, and 74 is a constant
parameter of the order of the dislocation core radius. The energy Fiong represents
the energy due to the long range interaction of dislocations, and the energy Fjocal
is the local dislocation line energy.

When equilibrium state of the grain boundary is reached, the following equations
hold:

(;E ftOtal n =0 when ér = ndr
r
SE ) Vs @)

gy Um0, j=1,2---
on; 7 [V
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The first equation describes the equilibrium with respect to the evolution of grain
boundary S, and the second one gives the equilibrium state with respect to the
motion of the constituent dislocations on the surface S when it is fixed. Here fg"tal

is the total force on the grain boundary S and féj ) is the force on the j-th dislocation
array which can be written as

J

B = 3 e ®
j=1

fé]) — fO(])+fl(tj)+fI§j) (6)

The force féj ) consists of three parts. The long-range Peach-Koehler force féj )
comes from variations of the long-range energy Ejong and is calculated by

. } Ve,
(G) _ (. tot _1.(4) 51,
£y = (0 b ) X <H S77j|| X n> . (7)

Here 0" =0 4+ 0o is the total stress field, where o is the long-range stress field
generated by the dislocation arrays on S and o°'"®" is the stress tensor due to
other effect such as the lattice misfit across the interface or the applied stress. The
continuum expression of o is

tot other

o(X) = Zﬁ/s [(lez' y b(j)) & (Vsn, (2) 0 (2)
+ (Vsn; (z) xn(z) ® (v||Xl—x|| % b(a’))

1
1—v

# 1 (b9 (Tan, x0) - 9) (V¥ = 18) [ | a5, (9

where V and A are taken with respect to X.

The variations of the local dislocation line energy Ejoca1 give two local forces fl(tj )

and fI()j ). The force fl(tj ) is the local dislocation line tension force, which is calculated
by
fl(tj) = J(Vj)nd + fg)t X Ny, (9)
where the force component in the normal direction ng of the constituent dislocation
is
] K % DY L () 1
f(j) = —K {(14—1/) (b ) +(1—2v) (b ) + (b ) log ——,
N 4r (1 —v) k N o rq ||V,
(10)
and the force component in the binormal direction t x ng of the constituent dislo-
cation is
) pv 1
=—— _kbybplog ——.
B ar(1-v) ro |Vl

Here x is the curvature of the local constituent dislocation, x and ng can be calcu-
lated by

KNlg = (Vgt) ~t,
and b = b . ¢, B = bW . ny, B = bW -t x n,.
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The force féj ) i
. . N2 . . ASU
£ = H (b<ﬂ>2 b ) (n(j)n(j) b VSTI'> . (1
T A (1—v) ! PP [ Vsnyll2 Y
where Iiz()j ) and nz(,j ) are respectively the curvature and normal direction of the curve

on S that is normal to the constituent dislocations in the j-th array, and they are
determined by

Vsn Vsn

o= Vs (5207 oo

Consider an orthogonal network of two equidistant arrays of straight screw dislo-
cations on a plane, see Fig. 1(b). The interdislocation distance in both arrays is D in
this network. Under this continuum model, this dislocation network is represented
by J =2, 1, (z,y) = %, and 1, (z,y) = —F, where n, (z,y) and 7, (z,y) describe
the distribution of the two dislocation arrays parallel to the x and y axes and with
Burgers vector b(Y) = (b,0) and b(®) = (0,b), respectively. It is easy to verify that
this dislocation network satisfies the equilibrium conditions in Eq. (4). It represents
the equilibrium dislocation structure on a low angle twist boundary with rotation
angle § = % [16, 8], see Fig. 1(a). Note that this dislocation structure can also be
obtained by Frank’s formula [4, 3, 15, 21] that is equivalent to the cancellation of
the long-range elastic energy.

In this equilibrium state, the long-range energy Ejong vanishes, and the local
dislocation line energy can be written as Elocal = |, 5 7dS, where the energy density

ub b
v = 27T910g 0 (12)
This recovers the classical Read-Shockley energy formula for a planar low angle
twist boundary [16, 8, 15].

In the literature, continuum models for the motion of grain boundaries were de-
veloped under the assumption that the underlying dislocation structures are always
in equilibrium in which the long-range elastic energy always cancels out [16, 8, 15],
and the motions of grain boundaries including their stabilities are then governed by
the capillary force proportional to the local curvature of the grain boundary [7]
which comes from a surface energy corresponding to the local energy Fjioca in
Eq. (3). The classical Read-Shockley energy formula in Eq. (12) is not able to
give the stability of the dislocation structure of the low angle twist boundary with
rotation angle 6. In fact, the energy formula in Eq. (12) is a concave function of
#, making any state with nonzero 6 unstable. Whereas in reality, the dislocation
structure of a twist boundary with rotation angle 6 is stabilized subject to small
perturbations of the constituent dislocations by the dislocation interaction energy,
except for the perturbation of the rotation angle § which means a uniform change of
all the constituent dislocations. The reason that Eq. (12) fails to give this stability
is that it does not include the long-range elastic energy of dislocations.

In this paper, we shall use the total elastic energy formula in Egs. (1)-(3) from
[21] that includes both the long-range dislocation interaction energy Eiong and the
local dislocation line energy FEiocal, to study the stabilities of this planar low angle
twist boundary subject to both perturbations of the constituent dislocations within
the grain boundary and the perturbations of the grain boundary itself. In our
study, the over-simplified assumption, yet commonly used in the existing continuum
models, that the long-range elastic energy always cancels out, is removed, thus our
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study will provide a complete understanding of the stabilities of the low angle grain
boundaries.

3. The main stability result. In the rest of the paper, we shall take the grain
boundary S to be a periodic surface in R parametrized by (u,v) with period l; in
u and period ls in v.

Suppose that there are J dislocation arrays described by the dislocation density
potential functions 7, for ¢ € J, and each 7, has the same period as S. In this case,
we consider the total energy over one period V of S, that is

1 (Vsni(2)xn(2)) x (Vsn, () xn(y))- (b xbH))
Elong = 522/ de/SdSy |:—;;_ HG«—JZJH

a (Vsn; (z) x n(z) - b®) (Vsn, (y) x n(y) - b))
am [z =yl

yy C— (iui ” (Vsm (z) x n(x) x b(i))

Ve @ Ve =yl (Vsn; () xn(y) x b, (13)

_|_

and

(b)) (Vsm xn-b(")? 1
Eiocal = Z/ In(iz V)[ m ||Vsﬁi|\logmd5.

The total energy
E (77, S) = Elong + Elocal-

Given dislocation density function 7 and grain boundary S such that F (n, S) < oco.
Consider perturbations of these dislocations and the grain boundary S given by

"ﬁ (U, U) = (u’ U) +Eip; (u’ U) ) (14)
r’(u,v) = r(u,v)+ 0 (u,v)n (u,v), (15)
where functions ¢, (u, v) and 1 (u, v) have the same period as S. Let n = (ny,--- , 1)

and ¢ = (¢, -- ,¢;). Denote the perturbed grain boundary by S and the per-
turbed dislocation density function n° = n+ ep. We shall consider periodic pertur-
bations ¢, (u,v) and ¥ (u,v) € W2 (V).

Let
_ [ Vsé(y) xn(y)-1
JoloD= /s o=yl

We claim J, (¢,1) € L? (V) for any vector 1 €R? and any periodic function ¢ €
W12 (V). In fact, we can rewrite I (¢) as follows

/ IxVo(y) -n(y) ¢
S

2— Y
|z =yl
V x(o(y)]) -dS,
s llz—yl*

Ja (9,1) =

By stokes theorem and the assumption that ¢ is periodic, we have

V x ( -dS, ¢ (y)1-dr =0. (16)
J. - Jew



8 YANG XIANG AND XIAODONG YAN

For

T d—s
P e / 1w g,
T(3) Jai |z -y
We quote the following Hardy-Littlewood-Sobolev inequality on periodic regions.

Lemma 3.1. ([2] Prop 2.1 anc Cor 2.2, see also [6, 14]) Let u be a function on T%
with mean zero. Suppose s > 0 and 1 < p < q < oo satisfy 5 > % — é. Then we
have

IZs fll o (T%) S N ey -

Given S a periodic surface in R3, we have ||z — y|| ~ |Z — 9| for any z,y € S.
Here  is the corresponding point of x in the parametrization space R%. Taking
into account of (16), we can apply Lemma 3.1 for d =2, p=¢ =2 and s > 0 to
conclude J,, (¢,1) € L? (V) for any vector 1 €R3. From this, we can check via direct
calculation that E (1°,5°), the first variations diaiE (n°,5°%), L E (1°,5°) and the

second variations #ZEJE (1]5, S‘s), #QGME (775, 55) , (;‘%E (775, 55) are well defined
for p,, v € WH2(V), fori=1,---,J.

Our main result is the following theorem that describes the local stability of the
orthogonal network dislocation structure on a low angle twist boundary (as shown
in Fig. 1) subject to periodic perturbations of the constituent dislocations and the

grain boundary.

Theorem 3.2. Given a planar grain boundary S represented by r = (x,y,0). There
are J = 2 arrays of dislocations with Burgers vectors b(!) = (6,0,0) and b =
(0,0,0), described by dislocation density potential functions n, (x,y) = & andn, (z,y) =
— 45, respectively. For perturbations of this grain boundary and its dislocation struc-
ture given in Eqs. (14) and (15), with periodic ¢y, pq,1 € WH2(V), we have

(i) The first variations vanish:
d

T dey

(ii) The second variation matriz

LEF,S)  FimErS) ipE (.S

i e Qb 7& e Qb _
dElE(n’S) —d(sE(n,S) =0.

€1 262:520

FE (776,56)

61:(32:5:0 51262:5:0

dsjtzisl E (7757 Sts) j; E (7767 Sé) d5d22d5E (7767 Sé) > 0, (17)
2 2
déddsl E (07, 8°) d&ddsz E(n,8°)  g=E(n,S°%) 1 =ea=6=0

if the perturbation wavelengths of ¢ satisfies
1 n 1 < 1
N2 T2 = 2o
where A1 and Ao are perturbation wavelengths of ¢, and @y, respectively. Here
“>"in Eq. (17) means the 3 x 3 matriz is semipositive definite. Moreover, this

dislocation network is strictly stable to any nonzero perturbation if the condition in
Eq. (18) is satisfied.

(18)

Remark 1. The assumption that the perturbation wavelengths of ¢ satisfies Eq. (18)
is physically good enough for the stability of the dislocation structure. This assump-

tion basically means that the perturbation wavelength is not very small so that there

is at least one dislocation in each perturbation period of the dislocation structure.

Any perturbation with wavelength less than this value is not physically relevant.
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In fact, the destabilizing effect comes from the local energy Fiyca1, due to pertur-
bations in the direction normal to the constituent dislocations. This instability is
always stabilized by the long-range energy Fione in the physically relevant regime.

Mathematically, the continuum energy formulation presented in the previous
section may indeed lead to physically irrelevant instability for perturbations with
very small wavelengths. An attempt has been made in Ref. [21] to simply remove
some small terms that may result in such a instability. Systematic treatment for
the improvement of the continuum model will be explored in the future work.

Remark 2. This stability theorem ensures the stability of any numerical scheme
for the continuum model whose numerical grid constant A >> D. This condition
is easy to satisfy because the inter-dislocation distance D is a microscopic length
which is much smaller than the length scale of the continuum model.

Remark 3. Theorem 3.2 tells us that the grain boundary and its dislocation struc-
ture is stable subject to periodic perturbations. Now we briefly discuss the stability
when there are uniform perturbations of inter-dislocation distance, i.e. the inter-
dislocation distance in the first array becomes D + ¢; and the inter-dislocation
distance in the first array becomes D + e5. Accordingly, the dislocation density
potential functions change to n5(x,y) = y/(D + e1) and n5(z,y) = —z/(D + €2).

When e # &9, there is a constant long-range stress field in the infinity three
dimensional space, and the long-range elastic energy Eiong becomes +oco. Thus in
this case, the grain boundary is still stable.

When €; = €9, the long-range elastic energy Eione still vanishes, and

dEoca b? D
S7local S 2/ <110g> ds < 0.
dEi e1=e2=0 47D S Tg

Thus in this case, the grain boundary is unstable. This instability is included in
the classical Read-Shockley energy formula in Eq. (12).

4. Proof of Theorem 3.2. To prove our theorem, we divide our calculations on
second variation of E with respect to € and § into several lemmas.

Let V' = [0,1;] x [0,13] be the periodic domain for the parameters (u,v) for
the grain boundary S and the perturbed boundary S°. We write the energies in
Eqgs. (13) and (??) in terms of (u,v) as follows.

s K ~
Elong 77 S ZZ/ / < 1] + BZJ + 4(1—V)CZJ> dudvdudv,

=1 j=1
(19)
and
€8 1 5 o8

FEiocal = Z/ (1 A 65° log e |r0, x )| dudv, (20)

where
e (0 5 e (0 (57 77 S (75 a7 7 j

Solly ) ) i 3 5

A — (Vssng (r° (u,v)) x n? (u,v)) x (Vssns (r° (u 7)) x n° (,9)) - (b x b))
v 27 (u,0) = % (@, )|

amwux&HW~va
L’ij
¥ (u,0) = x? (@7

T [|x8 x ]| [|rd = xd
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hence Aij = Aji and A” = O,
(Vsans (0 (u,0)) x 0 (u,v) - bD) (Vgans (r (u,v)) x n’ (u,v) - W)

v Ie® (u, v) = x* (@, 0)]|
< w3 [ < w3
= by [len w5 x|
M;;
= o) — ooy It el el
Cij - |:<VSJT]f (r‘s (u’ U)) X n(S (U’?U) X b(l)) ' vr(u,v) ® Vr(u,v) Hr5 (U,U) — 1'6 (ﬂ; :17)”

(Vo (0 (@) x m® (@) x bO )| |18 w3 | e x x3

e [[ra < ro [l < xl

4; = (1 _, s (07 (w,v) x o’ (u,v). bwf) ,
(6D) IV g5z (¥9 (u,v))]”
00 = V575 (r5 (u,0))]|-
Derivatives of these expressions with respect to e = (g1, -+ ,¢,), and J for a
general periodic grain boundary S (could be nonplanar) with J arrays of dislocations

on it are given in the next section. Using these results, we have the following
lemmas for the the perturbed twist boundary S? in the theorem, where parameters

(u,v) = (z,y).

Lemma 4.1. For the perturbed twist boundary S° in Theorem 3.2, the followings
hold at ey =e5 =6 = 0. Herei,k,l =1 or 2, and §; = 1 when k =1 and 0 when
k#1.

dn® _ . d’n’ _ 2 2 .
ds ‘6*0 - *quuru - 1/}1)1'1); 462 S - (¢u + 1;[}1;) n;
d rixrf} d? rixrg 2 2
= 07 52 = wu + wqﬂ
5= =
det@o—r@ol| _,  EPen-rE@H] ] e —e@y)?,
dé - ds? = ir(u,v)—r(u,0)] ?
6=0 =0
d”vs“ﬁ —0: d”Vst' _ Vsn;'Vse; St
= =0 T den = TVsn, ik
81:&‘2:6:0 61:822520
d?||V g5 d?||V gsm5 2
567 -0 5874 — Vs xVseill” 5 5.
depdd ; derde; - (91)\3 ik 04l
81=62=5=0 E1=82=5=0
||V gs ]| 12 ||V ss 3| 12
ds? ~  D7vw ds? - ﬁ7/’u7
e1=e2=06=0 e1=e2=06=0
dVgsni _ n: dVgsn3 _ _&n.
dé < 4 D™ dé e D™
5 51—62—5—0 5 61—62—5—0
d"Vgsni — 211’7;1%1. _ 2wir d"Vgsn3 — 21/’1;1%1. 4 21/’3,1. .
d52 51:52:620 D u D Ol d52 51:52:620 D v D us
_d € — 5 . _d € — 0
aer Vol 0 dik Vo Tvds Vol 0 0;
d2
5 _
VS”% - 5”6 ('l/)usozu + 1/11;901'1;) n.
deydd s
61—62—6—0
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A direct result of Lemma 4.1 is the following corollary on some of the terms that
frequently appear in the derivatives of E.

Lemma 4.2. The followings hold.

d e ) P d)u
5 (Vs (o) x’ @) = m
d s by
5 (VS6T]2( (u U)) xn (u7v)) g1=e2=0=0 - 61,1;
2
dode, Vs Vs = 0
. e1=e2=06=0
d d
Vsﬂh x n® = (VyP1e — Praty) D
d5 81262:5:0
d d
Vso772 x n® = (YyPay — Poutly) D
d5 e1=€2=0=0
d
d(S (szS’I]Z X n b(2)> = 07
51262:(5:0
i (i
=5 Vssn; x n’ b(’)> = 0
do \de £k g1=e2=0=0
& Wty 20
T Vssni (¢ ( (u,v)) x n° (u,v) = Bt = S5t
61252:520
i Wby 202
—53 Vot (¢ (u,0)) X’ (u,0) = St - Tt
81=52=(5=0
d o S
d5v35771 ( (U7v)) x %n (u U) £1=€2=06=0 - o™ D Ty;
d d g _ 1/)1)77[}u lbi
e O R
d? 1/)2 +¢2
— (Vgsnf (r0 (u,v)) x n® (u,v) = u Y
d62 ( ' ( ) ) e1=e2=06=0 D
Vgsn (u,v)) % n’ (u,v) _Tu T Py
d52 ( 2( ) ) e1=e2=0=0 D

The following Lemmas hold for terms that appear in Ejone and Eiocal-
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Lemma 4.3. A1 = Ass = 0 and the followings hold at e1 = e9 = 6 = 0.

dAio _ b2§01v (u,v) .
der | —cp—5=0 D r (u,v) —r (u,?)||’
dAi _ ) .
dez |oy—c,—5—0 D |r (u,v) = (w, )|’
dAa B b o135 (W, 0) ,
der |, —cp—5—0 D r (u,v) —r (w,?)||’
dAs o b2y, (u,v) _
dea |, —cp—5—0 D |r (u,v) = (w,?)|’
d6 61=€2=6=0 dédfk E1=€2=5=0 ’
d?Ass b? (1, (1, 0) poz (W, D) — 0y, (u,0) Yoz (W, D))
= wa vo O ua 0110 61102k ;
dekdsl fieab0 Hr(u,v) 7 I'('LL,"J)H ( 1021 + 11 Qk)
d? Ay b* (=g, (1, 0) 015 (U, D) 4 g, (u,v) 917 (U, D))
= LR v rev o L 0210 02101k ;
A I (u,0) — 7 (2, 0)] (Paufus + Subue)
Ay _ P () — ¢ @)
d52 e1=€2=0=0 D? ||I‘ (’LL, U) -r (aa 6)”3,
d? Ay _ 7ﬁ v (u,v) — ¢ (u, 6)‘2
d52 e1=€2=0=0 D? ||I‘ (uv U) -r (av 5)”3

Lemma 4.4. The followings hold for B;; at 61 =2 =6 = 0.

dBij o d2Bij -0
d(s 61252:6:0 dédgk 612622520 ,
dBi, 3 b2 .
d€1 o1 —egm§=0 - D HI' (u7 1)) —r (a’ 5)” (‘Plv (ua U) + 1 (uv U)) )
dB11 _ dBa _ o
dez e1=€2=06=0 dey e1=£2=0=0 ’
dBy, B b2 or (1 0)
der |, —c,=s=0 D r (u,v) —r (a,0)[| 7
dB1, b? (@, 7)
= - = Pon (U, V) ;
de2 ¢ —cp=s=0 D|Jr (u,v) —r (a,0)[| "

dBso1 b2 (
Dr (u,v) —r (@, 0)] ¥

u,v);

d€2 81:(52:5:0
dBy; b? _

= — ~(u,v);
der | —c,—s=0 D ||r (u,v) — r (u,v)|| i (1,0)

dBas b?

= Do) @ P T e @)

d52 61:62:5:0
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d*>B11 _ b2 (u v) (ﬂ %) ((5 §11 + 616 )
derde; 1 —ep—5—0 HI. (U, ’U) —r (a’ 5)” P10 (U, V) P15 (U, 1k011 1191k ) »
d2312 b2 .

= - ——— 1, (U, V) oy (U, V) (011021 + 01102k) ;
rEw ] I R o) e A A )

d?Ba; b?

B 5 (U, D) (02i01; + 021012) ;
I (u, 0) — ¢ (@, 5] 2 (u,0) @15 (U, 0) (O2x01s + d2101k) ;

depde; g1=e2=0=0
d?Bas b2 o~
= —— w (U, V) oz (W, V) (2x021 + 02162k) ;
Gz, oy gg — TeGuro) —r (@] P2 ) o () Qaidar + Saoan)
dzBij 7&“/) (U7U) —1/1(@ 5)|2
do* e1=e2=6=0 D2 HI‘ (uvv) - r (@@HS
Lemma 4.5. For C;;, we have
d d d?
— O = —C = =0;
df:-k; ! 51282:520 d6 ! 81:&‘2:6:0 dédfk ! 81:&‘2:6:0
d2011 b2 ~ o~
= — w (U, 0) 15 (W, 0) (018017 + 01161k) ;
ezl go — TeGuo) — (@) P ) oo (80 (it Suow)

d2Chs B b

’1\}') H Plu (U, ’U) Por (ﬂ, 6) (511652! + 52k511) )

dgk;dfl e1=e2=6=0 Hr <u7v)_r(a7
d2021 b2 a7

— — » (U, 0) 17 (W, ) (81102 + 02x017) ;
et ypeo TG0 o] 2 (1) 015 (1) Gredar + Eardrd)

d2Cyy B b2

N)H Pou (u,v) Por (@, V) (021021 + 021021 ;

deder |, —.,—s5—0 Ir (u,v) —r (w,v
2 2b? _ (v—10)"
—5Cn = —5 ¥y (u,v) Y5 (4, ) — 3
d52 g1=e2=0=0 D ||I'(U,U) - I‘(’U,,’U)”?’
d?C 2b2 - u—u)(v—"1ov
5 N CROYACAD Y (U i) R §
d6” ey =c,=5=0 e (u, v) —x (w, V)
d? 202 - (u—1u) (v—")
—Cn = —1, (u,v) ¥y (4, ) —— ;
d52 61_62_5_0 D ||r(u?U) - I'(’U/,Q})Hg
d2 252 (u—u)?
—5Ca = 7121)'0 (’U,,U) 7/}5 (ﬂ, 5) ~ :
d52 e1=€2=0=0 D ||I‘(7.L,’U) - r(uvv)HS
Lemma 4.6. The followings hold for A; when e; =eo =6 = 0.
d —0- d —0-
EAl e1=e2=06=0 =0; %Ai|€1252:5:0 =0
d2 o . d2 o 2 )
dodey, Az e1—eg—5—0 - 07 degde; Al e1—e—5—0 - 2VD2 ((plu) 61k61l7
d? _ 2 2 . d _ 2,
Tam 2| __ = 2vD? (¢y,)” dora2; 257 A1 b0 = 2v;
2
%Ag‘ = 21/1,[}3

€1 282:5:0
We are now ready to give expressions of the second variations of E with respect
to € and ¢, which are summarized in the following proposition.
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Proposition 1. For the perturbed twist boundary S° and the perturbed dislocation
density potential functions n° = (n,n5) in Theorem 3.2, we have

d?Eiong (17, S°) pblil Z K23y
d&‘% e 2 27 27 2 2
e1=e2=6=0 (Enohin)E32ZX 327 &, + K2
n w11y Z 531 |9A01|2
2(1—v) = 2, o
(& skn )€ T Zx > zZ fn + a7
d?Eiong (17, S°) _ pb?lily Z £ 3ol
de3 o 2 . 2 2
e1=e2=0=0 (€ oin) EEZX3ET, &, + K2
L Bl 5 K2 Bl
2(1—v) = 2, o
(€nrkn)€ 9 Zx > VA gn + laz=
&? Biong (11°,5°) prb?lly Enkin (= =
W = m Z ;Li (‘Pl‘ﬁ +902‘P1)7
€1=62=6=0 (ﬁﬂ,,Nn)E%ZX%Z m
& 2ub?l;1 ahE o
WElong (ngasé) = (16 )152 Z Qé’nﬁn §|7/’|27
e1=e2=0=0 v (Enskin)ETEZX L (fn + ’f%) ’
d2
——Fiong (1%, S° =0,
dakd(s : g(n )51252:5:0
2 2
,U,b D 2
7Elocal (7767 Sé) - T i (Qplv) dudv
dg% e1=e2=0=0 Am 4
usz / 2 D
— 1 log — — (1 — dud
=7 [, Pl (140 los = — (1 =) | duc
2 2
,Ll,b D 2
—5 Blocal (n°, S° = - (¢2,,)" dudv
dE% o ( ) g1=e2=06=0 4m v ?
ubQD / 2 D
— 1 log — — (1 — dud
Vi a1 1o8 = = (=) | dua,
d2
— F .50 =0
d€1d52 local (77 ) ) b0 ’
2 2
pb 2 2 D
— Eiocal (117, 5° = 7/(%%,)) [(1+v>log+(1—v>] dudv,
d52 oca. ( ) ) —ey—6—0 A7 (1 _ V) D % Tg
d2
% Broeat (17, 8° =0
dgkd(s oo ( ) 61262:6:0

Here Z is the set of all integers, and ¢ is the Fourier transform of ¢ which is defined

by @(67—“ ’fn) = i fV (P(ua ’U)

e~ Enutrnt) dydy.
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Proof: We first evaluate the derivatives of Ejong. Recall that for the unper-
turbed twist boundary, r(u,v) = (u,v).

d2 Elong (776 5 Sé)

de?
e1=€2=6=0
n & pooo & ) B
- + 770 dudvdudv
/ / <47T d€1 - A ( - V) d{-?% H e1=£2=0=0
ub2
B / /5 | (u,v) )”‘Plv (u,v) p15 (@, ) dudvdudo

'Ub2/ / ; (u,v) (u,v) dudvdudv
im0 =) S Js T o) — @ o) O orm

b2l K218 7 pbPhls &1,/
2 (gn,ﬁn)€2wzx2ﬂZ1/£i+ﬁ% 2(1_ )(6n152)€2ﬂzx2ﬂz1/§i+/€%

Note that here the grain boundary S = R2.
Here in order to get the result in the Fourier space, we have used the following
calculation, using the first term as an example.

1 — o
1, (U, V) ¥15 (¥, V) dudvdudv
/V/R Tty 0) — G, oy £ () 1w (@0)
S 1
P15 (W, v dUd'U/ 7 P1, (4, V) dudv
/V w @O | @y oY)

_ /ww@mﬂmmﬁﬁ, (21)
1%

where f(u,0) = [g- Wi(aa)”@m (u,v) dudv is also a periodic function over V.
It is easy to calculate the Fourier transform of the function f(w,v) by

.]/C\(gna K:n) = / f i(£7‘a+ﬁn§)dﬁda
lllg

1
_ L[ —ieamna g dv/ L (uv) dudy
o e T —@ oo )

1 (E TR T 1
- 71(£nu+nnv)d~d~/ e (U= u.T —v) dud
e udv 7 (W —u,v—v)dudv
hiz Jy re (o)1 ( )

= / 1 e~ Enutrnv) 1, 1)
Rz [|(u, 0]
1 —1 uw—u)+rn(0—v ~ ~ ~ ~
ey e~ HEn @ Hra (=) (T — 4, T — ) d(U — u)d(T — v)

271' _
\/279011)(67” K/n)'
&+ Ky

The result follows using Parseval identity and o7, = ik, @.
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Similarly, we have

By (.59
de3

e1=e2=06=0

d? a2
/ / <4;; d52 Baz + 477(1#_1,)615%022) — dudvdidv
N sz / /s I[(w, v) )”‘p2u (u, V) po (U, V) dudvdudv
u62 o o
(1-v) / [5 | (u, v) jH(PZv (u, v) o5 (W, V) dudvdudv
= ub21112 Z gn |¢2| N (b2l 1, Z M

2 (Enrn) €T 2x ;2 m 21 =) (noin) €T 32T m

B (1, 5")

deydeq o
d?

// <d€1d€2 d51d52A21> dudvdudv
d?

// (d€1d52 T e 2321> dudvdudv

dudvdudv

d2
87‘(’ 1—1/ // (d51d€2 12+ de 1d€2021>

- ubQ T o — (=m0 u,v U, v wv %.7)] dudvdids
- //S”UU (uv)H (P10 (1,0) o (@, 7) — 1, (1, 0) g (@, D)) dudvdiidi
/ /g | (u,v) )| [— 20 (u,0) @15 (W, D) + g, (u, ) P15 (U, V)] dudvdudv

u62 o o N
/ /S |(u,v) — (u ”)H [P20 (u,0) 015 (U, V) + 1, (U, V) @o5 (U, V)] dudvdidv

ubg //
dudvdudv
877 1_1/ S”U’U )”(plu(u/U)sD?v(uv) uavauav

ub2
87T 1-v)

/ /S (w,0) — @, 0)] ¥2 (u,v) @15 (U, V) dudvdudo

,uyb lllg gn Kn

_ s (o)
11—w Z (@1%02
( ) (fnvﬂn)e%zx%z gi + ’(‘3721

We also have

dudvdudv

g1=€2=0=0

2 2
! po & I P
= 3 Ry W )
2 ZZ/V/S ( 21 depdd” " + 4 depds ¥ + Ar (1—v) dskd60”
0
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d2 Elong (77€a Sé)

2
d6 E1=€E2= == 0
3 d? 1 d? ) o
= = A; B+ ————=C;; dudvdudv
2;//( 27rd52 1T a0 (=) st Y ey —ea—3=0

_ / / 27 WE w?) =¥ @O e

3
l[(w, v) = (u v)ll

/ / 4b2) [ (u A §)| dudvdudv

bz ||uv (@)l

A R e

(u—1)(v—"2) (u—1u)(v—"2)

B o e | A A TR e T
+ 1, (u,v) Y5z (u, V) i@ S; : 1(2 Tk dudvdudv
= 7Mb2 u,v) Py (u, v (v-9)"
_ M(ly)DQ/V/S[m( @) T e
u,v) Y= (U, v (u—w(-79) w,v) Y~ (U, v (u—@ (-0
o ) U (09 o e Y ) U @) S e
+ 1, (u,v) ¥y (4, D) e S;_g R dudvdudp
R L L R LS (22)

_ 2
1=nD €umnezzxizz (& +h3)

Here we have used
b? ~ ~ ~ ~
= m/‘/w}ﬂ (w0, 0) fu1 (U, ) + ¥5 (u, ) fa1 (@, )

g (@,0) f12 (U, D) + 5 (@, V) foz (4, )]dudv,

d2 Elong (778 , Sé)
s>

81262:5:0

where

fi1 (6, 0) / Yy, ( 6‘2 5 [(u,v) — (@,9)]| dudv,

fo1 (@, ) / Y, ( (u,v) — (@, )] dudv,

2

0 ~
Fir@7) = [ (0) G as0) = (59)] dudo,

. o .
0.0 = [0 (000) g 0) = (5.9)] dude:
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The Fourier transforms of these functions are

— 1 ~ (€T Rn®) g
Filborn) = o [ fl@e oD
|4
= L[ e gugy / ¥, (u,v) i | (w, v) — (@, D)]|| dudv
lll2 R?2 “ ’ 82’02 ’ ’
2
- L e En ) i dy Yy (U —u, v — ) Rl [[(w, v)]| dudv
lllg R2 “ ’ 82’02 ’

) o2
— —i(§putrn
= /RQe (€ utk v)azv2 | (u, v)|| dudv

1 e -
T e~ en @R 0=y (4 — 0, T — v) d(T — u)d(T — v)
2 Jy
21K~
= (f +K/2)%wu(£n7ﬁn)‘

Similarly,

D I

f21(§na Kn) = m¢u(§m Kn),

T _ 27r£n/€’n -

le(gnaﬁn) - (fi N K%)%wv(fnv"in)a
2

Foa s ) = g (€ ).

(€5 +r2)2
Eq. (22) then follows using Parseval identity.
We now find the second derivatives of Ejgcal.

d2 Elocal (776 ) Sé)
dskdel

Z/ = Mlbiy dsigdglA 65’ log Tg;&& [|x8 x rd|| dudv
3 [t e o (s ) e s
Tt b

JFZ/ 47 qbiu Ai dakdsl <log

1 d d
Z/ 471' 1—1/ A; - Fd{—:,efédg 955"1‘ ><I'6Hdudv

It then follows

log ;5,5 — 1) Hri X rgH dudv

— 1) ||rg X rf]H dudv

d? Elocal (7767 S(s)
dEl dEQ

61262:6:0
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& Broca (17, 5°)
2
d61 e1=e2=0=0
pb*D / D 2 2 D 2
= — 2vlog — 1— log——-1)—(1- dud
ir(1-v) )y viog Ty (P14)" + (L= v) (¢1.,)" ( log e (1—=v)(¢1,)"| dudv
ub®D

= - (10)° dudv +
v

47

d? Elocal (7]87
de3

59)

MbQD)/V(%u)z [(1 Fo)log 2 (1 y)] dudv,

dr (1 —v g

81:&32:5:0

_ D / [Mogfz<w2v>2+<1—v><¢2v>2 (logf—l)—u—u)wguf] dudo

4dr (1 —v) g
1> D ) 1> D / ) D
- - 7 14 v)log = — (1 —
A v (¢2u) dudv + 4 (1 o I/) v (9021)) ( + V) 0og rg ( V) dUdva

d2 Elocal (7’67 Sé)
dakdd

51262:(5:0

2 p’b2 s 1 5 S
B Z/ mda d6A 0 log 99;,5 |ru X ru” dudv
= g e1=e2=0=0
2 2
Zl/ 471' 1-— l/) TA 9 1 0?6 dé Hru H N dudv
2 2
Mb d . i £, . 5 5
;/ =y de @l (lOg e 1) [0, x x2 | o dudv
2 ,Mb2 oy d 6,5,5 1 1 1 || % 6H dud
Z/ 1 - V) v Ek i OgW 5 ' ' e1=€2=0=0 o
ub? 4 2 s 1 5 s
Z/ PP R A déel <log e 1> |xd, x xd| 5 OdUdU
' €1=E€2=0=
o 1 d d s
Z/ A=) gods 'E@? [[x0, > o 5 Odudv
’ E1=E2=0=
b d d s 1
Z/ TR S <1°gr i 1) A dudv

974 e1=e2=0=0



20

YANG XIANG AND XIAODONG YAN

d2E100a1 (776, Sé)
£ Toeal \P22 )
d5 g1=e2=0=0
_opb* 5 5
= Z/ 471_ l—V d(SQA ef log’r 965 HI‘ X T H dudv
g7 e1=£2=6=0
+Z/ Py g 1 158 0] .
4 (1—v) Ai as2 e u X Ty
g e1=e2=0=0
: pb 1 @
0 § b
+Z/\/47T(171/)Ai-9§ log — 5 752 llrw < x| dudv
= g g1=€2=0=0
2
b2 d? 1
- Z/ L A — log —dudv
; var(1—v) ds§ ceess0 D .

i (-0 (-p0t) (o2 1) uas
M(’f’zy) (1-v)- (—leqpi) : (logZ — 1) dudv
+2 ), i

2
g et aey

Proof of Theorem 3.2:
(i) Consider the first variations. From the lemmas above, it is easy to see that

1 D
(1-v): 5 log P, (2 + 2 dudv

log D +(1- V):| dudv.

Tg

—FE (17, 8°) =0.
d6 e1=€2=0=0
For the derivative with respect to €1, we have
d
TElong (7767 S(s)
E1=€2= =0
dAZ dB;; dCy; o
= fZZ// [ el AR e a J] dudvdudv
im1 =1 R2 2T dEl 47T d€1 47 (1—1/) d61 e1=e5=0=0
2 (= 2 (=
_ ,/ / {_ b 1, (1,0) + 015 (@0) | 1b? oy, (u,0) + 015 (8,) +0] dudvdids
2y Jee 20D o) —@o)l 20D [[(w,0)— @ 0)]
= 0.
d
— FElocal (776, Sé)
dEl 81:62:6:0
2 D £
— :u’b /10 el deS”}l” dud'U
dn(l —v) Jy ery deq e1merm6—0
ub? D /
= —— 1 dud
dr(l —v) &, ery o, v)dudy
= 0.

The last equation is due to the periodicity of ¢.
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Thus

d d d
—FE (17, 8° = — Elong (15, 5° + — Fiocal (1%, 8° =0.
dE] ( ) 81:(32:6:0 dEl 1 s ( ) 61262:520 dEl : : ( ) 81262:6:0

Similarly, we have

el e Qo —
dng(n’S) 0.

81282:6:0

(ii) Consider the second variations. Using Proposition 1, we have

d*E (0, 5°)
de?

E1=€2 =6=0
d2 Elong (775, Sé)

I d?Eiocal (776; 56)
de?

de?
61262:520

61:62:5:0

(b1l R210.° | pbPlils 213,

T2 2(1—
(€umn)czzx 22\ € + K2 ( ”)<sm>ei—;zX%—;zx/£i+m%

,LLbZD 2 /j/bQD / 2 D
_ dud [ — 1 log — — (1 — dud
A v ((plv) uav + A7 (1 7 I/) v ((plu) ( + V) 0og T ( V) uav
= .“521112 Z “?L|@1\2 + Hlellz Z 52@1\2
2 2(1—
(€nn)cmzx iz \ & + K2 1=v) (€un)cmzx iz \ € + K2
,U,bZDlllg ~ 12
B Z ki |1
(Enshn)EFZXITZ
/,[,b2Dl]_l2 D 2 |1~ |2
— (1 log— — (1 —
47 (1 —v) (L+v) Ogrg =) Z &Pl

(Enh2)E 2 ZX 20
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d*E (n°, S%)
de3

E1=€2 :5:0
d2 Elocal (7767 56)
de?

d?Eiong (1°, 5°)
de3

81252:6:0 61282:5:0

pb?lilo £ 13,1 I pb*lily K2 |3,
2 2(1—
(€nmmicizzxizz \/ & + K2 1-v) (€nmn)cizzxizz \/ & + K2

ub?D
47 %4

+4W"(’fi) /V (00)? {(1 +1) 1og2 —(- 1/)} dudv
|2

b2l & 1@l | pb*hls K
- ' >

2
2 2 2(1—v
etz M0 e e

(b2 D1y _
———=2 > & 12,/

4m 27 27
(fn,r@n)éﬁzxgz

,ub2Dlllg D 2 1~ (2
12 10 log = — (1 — >
471_(1_1/) ( +V) Og’l’g ( V) g ) Hn|<p2| )
(5”7571)6%ZX%Z

(p2)” dudv

S
ASY)

S
+
=

S

d*E (n°,5°)
d€1d62

_ d?E (15, 5%)
o d€2d€1

E1=€2 =6=0
d? Eigcal (778 ) 55)
d&‘l d€2

51=82=5=0
2 0
d Elong (775, S )
deide
1 2 61262:620

/J,Vbzlllg fn/in —~= |~
= TN Z T (<P1<P2 + 502901) )

4(1—
(1-v) (€nmn)emzx =z \[En + K2

61262:5:0

d*E (0, 5°)
dé‘kdd

81:&‘2:5:0
d? Elong (’l]e, Sﬁ)
dé‘kd(s

d?Eigcal (7765 SJ)
dEkd5

61262:6:0 61:&‘2:5:0
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d2
2
d6 61162:5:0
2 §
d Elong (7767 S )
ds?

E (775,56)

d2 Elocal (778 ) Sé)

e1=e2=0=0 e1=e2=06=0

21?1yl & 2
ol 2 Vel
(€nskn) €32 ZX 327 (f + K )

+47r(1MbV)D /V(i/’i + 1/13) [(1 +v) logZ +(1— V)} dudv.

Therefore, the second variation matrix at ¢; = e5 = § = 0 takes the form

d? 5 d? e Qb
LB (pe, S ‘ E(n¢, S 0
ds? (77 ) e1=ep=6=0 deqdeo (77 ) £1=e9=6=0
d2 5 d? e Qb
E (.S [ =B, 8 ‘ 0
deadeq (77 ) e1=e2=0=0 de3 (n ) e1=e€2=0=0
d? 5
0 0 L E (i, 59 -

It is easy to see that this matrix is semipositive definite when

1 D
—_—— — >0, (23)
JE +r2 T

for all (§,,,kn) € %ZX%—:Z. If we use the perturbation wavelengths A\; = 27/¢,,
and Ay = 27/k,, in the  and y directions, respectively, this condition is the one in
Eq. (18) in the theorem. Note that the —3= term in Eq. (23) is destabilizing and
comes from the local energy Fjoca1, which 1s due to perturbations in the direction
normal to the constituent dislocations. This instability is stabilized by the long-
range energy Eion, when the perturbation wavelengths are not very small so that
the condition in Eq. (18) is satisfied.

We can also conclude from these expressions of the second variations that the
dislocation structure in the theorem is strictly stable to nonzero perturbations.

5. Derivatives with respect to ¢ and §. In this last section, we present the
derivatives with respect to e = (g1, ,€), and ¢ of those terms in the expressions
of Eiong and Eiocar in Egs. (19) and (20). Note that these results hold for general
periodic grain boundary S (could be nonplanar) with J arrays of dislocations on it.

Lemma 5.1. The followings hold for A;;.

d d
%A,;j = déa”Hr ><r5|| ||r~><r~||
rais (g e rd ek x|+ o xrﬁHr <xt]):
d2
Sy = ay (S e e e e e e A o o+ 2 e e e o)
d
#2358 ad o )+ o xréu SEeed)

)

E

aij - ||r8 x 3| [[xd x x8

d
d52
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oy e[l xxg]| d
dex 9T 0 (wv) — o0 @0 der
BT (LR s R
derde; v (u,v) — 10 (@, 0)]| degde;
d? J2
G = gagey i [wxmll e x|
1 d
+||r5 (u,v) — 1 (0,0 ( 5, < w3 || g < xg]| + [|r, r(sH Hr X r5H> 6kLij§
d 1 d Li;

—<Q;; = —— 7Li'_ 5 —I‘6 ﬂ,v :
ds ¥ ||I‘5 (UM)) —rd (u,v)H ds v Hr(; (u’ 1}) (~ ~)||2 s H ) ( A)H

d o . .
%Lij = <d5VS“71 (r (u,v)) x n° (u7v)) (Vgsm; (r (r’ (@, 7)) x 0’ (w,7)) - (b(’) X b(J))
d
+ (Vgsnf (r5 (um)) X %n‘s (u,v)) X (Vssnj (ra( ) u,v)) ( D) % bl )
+ (Vgsm§ (r‘S (u,v)) x n° (u,v)) x (j(svsanj (r5 (u,v) ) b x bU
+ (Vgsm§ (r‘s (u,v)) x n° (u,v)) x (Vssnj (r‘s (u,v)) ) b x bU
L = (Lvgn (r° (u,v)) x n° (u,v) | x (Vgsns (r° (@,0)) x n° (w,0)) - (b“‘) x b<f>)
dEk (%] d€k Sollg ) 9 S J 9 )
d
(Vesns (v (u,v)) x n° (u,v)) x (d&:kvsanj (r° (@,7)) xn° (u v)) (b(z) X b(J)>
d? d? 5 € (10 S (0w (@) « p@)
@Llj = 2 (Vgsns ( (u,v)) x 0’ (u,v)) x (Vgsn§ (v* (@,0)) x n° (w,0)) - (b x b )
2
+ (Vssms (r° (u,v)) x 10° (u,v)) x % (Vssns (r* (@, 7)) x n° (u,)) - (b(i) X b(j)>
d € d € ~ oo i j
+2% (VS“?i (r‘S (u, v)) x n’ (um)) X 7 (Vssn] (I“S (u, v)) x n’ (u, v)) . (b( ) x b(9)> ;
d? 1 d? d d 1
@ T o e @l B BT e - @ ol
+L,,i2 1 .
Y ds? (v (u,v) — 0 (@ )|
LQ = 1 d L
doder, "7 T e (w,0) — 10 (@, 0)|| dodey
1 d

- —Li; - =< || v) =10 (@, 0)||:
[x8 (u,v) — 0 (@, )|* dew” 2| ) - (@)
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déci-:kLij - j(s ( : Vsl ( (u,0)) x n’ ) (Vssns ( (u,)) x n’ (7, v)) - (b(i) % b(j))
+ (Vson; (2 (u,0)) x 0° (u,v)) x di ( Viatl; (x° (,)) x n® (@, 5>> (B9 b)
(ot (0 ) 50 ) ) 2 (T (2 ) > ) - (09 ¢ 0 )

+% (VSM]% (I‘6 (u, 1})) x n® (u, ’U)) <d VS“U ( (u,v)) x n’ (u,v ) b® x bl

d? d 0T ' ‘
mLU = <d£kd€l Vsanf( (u, v)) (u,v)) X (VS“?J ( (u, U)) x n’ (u, 11)) . (b(’) X bm)
2
+ (Vgomg (r° (u,v)) x X (d ida som5 (r° (@, ) x n° (a, 5)) : (b(i) X b(j))
+ (dd Vgsns (v° (u,v) ) X ( Vs (r r (T, 0)) x n° (ﬂ,ﬂ)) . (b(i) X b(j))
+ (dslvssnf (r° (u,v) ) ( Vs (r r’ (4,7)) x n° (g, T))) . (b(i) X b(j))
d o . .
= (T () < G >) ( - VS“?J (r (2.1)) x 0 (@) - (b9 x b))
+ ivgwf r° (u,v)) x VSH] (@,7)) x 0’ (@,0) ) - (b® x bW},
dEl v J
Lemma 5.2. The followings hold for B;;.
d d
%Bij = %bij Hr5 X r,‘;H ||r~ X r~H
s (3 < el e o)
d G R IRTI 5 o o8 5 d 5
by = b (w2 ¢ ) e
1 d M;
19 L V. ij 5 (u,v) — 10 (4,0
<||r6 T e ) - T e - ”)”>
d
(g ol e e+ e ) 5 e 2
d IR
+Wbij - Hru X rUH Hra X ry|;
¢, el 4
de e (ww) =0 (@0) [ dex
N L 1
depde; 7 |08 (u,v) — 18 (@, 0)|| degde
d? d?
B B T Gale e, < x| [l > x5

1
T (o) =2 @, o)) (

d
e e ) G e e8] ) M



YANG XIANG AND XIAODONG YAN

26
d d € i € ~ oo oy j
EMZ-J- = (dekvsmi (r5 (u,v)) x n’ (u,v) - b )> (VS“?j (r6 (u,0)) x n’® (2, 7) -b(J))
+ (Vsanf (r‘S (u,v)) x n’ (u,v) - b(i)) <dZvSm;? (r‘S (u,0)) x n’ (4,7) - b(j)> ;
k
LM» = @ Vssni (r° (u,v)) x 0’ (u,v) - b® (vsmé (r’ (@, 7)) x n° (w,7) - b(j)>
dEkdEl d&kd&‘l ¢ ’ ’ J ’ ’
_ d2 _
+ (Vssnf (r° (u,v)) x n° (u,v) -b(’)> T (Vsanj (r’ (4,7)) x n’ (@) ~b(J))
ke
d € (.0 é i d £ (1.0 O (~ o j
+ (dekvsmi (I' (Uav)) xn’ (u,v) bl )> (dslvssn] (I‘ (u, U)) x n° (u,v) - b
d € i d € ~ oo j
+ (dglvsam (r5 (u,v)) x n® (u,v) - bl )) (mvsam (I“S (u,0)) x n’ (4,7) - b(9)>
d , d .
= (dEkvsmg (r° (u,v)) x n° (u,v) ~b(’>> <dglv5“7§ (r’ (@,7)) x n° (W) -b(]))
d € i d £ ~ j
+ (dglvssm (r5 (u,v)) x n’ (u,v) - bl )) (dak Vsn; (r ( o (u, U)) x n’ (@, v) - bm) ;
&2 d [ d o
MM” = = ( Vesns (v (u,v)) x ) - bl )) VS“? (1, 7)) x n’ (@,7) -b(3)>
€ (0 4 i d d ~ § /1~ ~ )
+ (Vgsm- (I‘ ('LL,’U)) Xn ( % EVS(S?]] U ’U)) X n (U,U) - bV
k
+ (LT gont (2 (u,0)) x 0 (u,0) - BO ) L (vsm (x* (@,7)) x n° (3, 9) - b(j)>
dE}C ' ’ dé J ’
d 5 5 @) (¢ 5 )
+$ (Vsom (r’ (u,v)) x 0’ (u,v) - b ) d—VSonJ ( (u,v)) xn’ (u,v) - b
d> B d? c /.5 5 (i) € (0 (77 75 S (o (4)
ﬁMij = 2 (VS“% (r’ (u,v)) x 0’ (u,v) - b ) (Vssnj (r’ (,?)) x n’ (@,0) - b )

e i d? . o L .
(T (€0 %001 69) 2 (S 450 )
d N d o B |
+2% (Vsﬂ]? (r5 (u,v)) x n° (u,v) .b(l)) = (Vssnj (r5 (u,7)) x n’ (7,7) .b(J)) ;

d
71)1: — *Mi'* 1‘6 w, v 7[_5 17,5 ,
ds ¥ ||r5 (u7’l)> —rd (u, U)H ds Y Hr5 (u7v) 0 (ﬂ, 5)”2 ds H ( ) ( )H

d2 1 d2 dd M d
i = U, M= - — [|r° (u,v) — r° (@, 9)||;
dddfk ! HI‘5 (U,U) —rd (U7U)|| ddd{:‘k J ||r5 (U7U) I (ﬂ’;[}/)HQ ds || ( ) ( )H
d? 1 a2 d d 1
&y LA s
" T W) o @l s @ w0 e -0 @l
d? 1
+M;;

482 ([ (u,v) — 0 (@, D)
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Lemma 5.3. The followings hold for C;;.
d d

B0y = ey <] e el
ey (g I e e ) o e ) 5 e 3 )
d? d?
L0 = ey < e x|
d
E N Y e P r5|| s et ]
d2 ) ) 1
e (i e w8 + xS
d
A Hr~><r5||>
Loy = L e x| |l x e
dEk ¥ dEk () u v
d? & 5 s
GO0 = e ool
d? d?
Mcij = mcij el x| e x x|
d d
ey (g I e e ) i e 5 e e )
4. _ d(v (  (1,0) X B - Vo0 @V % (u,v) = x° (@, )|
55 = B 55771( u,v))xn (u,v) x v (u,0) v (u) |27 (U, 0) —1° (U, D

: (Vsmj (* (@,)) x n’ (@) x b(j>)
+ (Vsanf (r6 (u,v)) x n° (u,v) x b(i)) Vs uw) ® Vs (u,) Hré (u,v) —r° (@, )|
d B . A
% (Vssn] (r’ (@,7)) x 0’ (@) x b(J))
+ (Vssnf (r5 (u,v)) % n° (u,v) x b(i)> Vs (uw) ® Vré(u,u)% Hr5 (u,v) — r’ (u, E)H

. (VS(”?; (r° (@, 7)) x n° (W,v) x b(j)) ;

d . _
Ecij = (d kvssm ( (u,v)) x n°® (u,v) x bl )> Vs (uyw) © Vs () ||r‘s (u,v) —r° (u, )|
(Voo (¢ (@7)) x 0 (@,7) x b))
+ (Vssnf (r‘s (u,v)) x n’ (u,v) x b(i)) Vs (uw) ® Vis(uv) HI“S (u,v) — r° (@, )|

d . s L ‘
. (dekvsaﬁj (r5 (u,0)) x n’ (4, 7) x b(a)) :
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d2
de k de l Cij

2
= ( Vssns (r‘s (u,v)) x n° (u,v) x b(i)> Vs uw) ® Vs (u,) HI“s (u,v) — 10 (@, 5)“
: (vsmj (x® (@,9)) x n® (@, 7) x b(j))

d ‘ ~ o~
+ <dakvsmf (r% (u,v)) x n° (u,v) x b(z)) Vs () ® Vas g |10 (1, 0) — 10 (@,7))
' (ddglvsﬂﬁ (v (@, ) x 0’ (i, 7) x b(j))

d

- (delvsmf (x* (u,v)) x n” (w,0) x bw) Vs () @ Vs |1 (u,0) = 1% (@,9)]|

d (4 o~ o~ ~ o~ .
| (dskvsmj (r* (@) x 0 (@,7) x b“))

+ (Vsanf (r’S (u,v)) x n°® (u,v) x b(i)) Vo) @ Vs (u,0) Hr‘5 (u,v) — 10 (1, 5)”

- = (x° (u,v 5 (7.7) x bW
. (WVSJnj (I‘ (’LL, ”U)) X n (uvv) x b >

= <dfvsm? (r® (u,v)) x n° (u,v) x b<i>) Vs (uw) ® Vs uw) |10 (0, 0) = 1° (@,9)]
k
d

' (dslvs“ﬁ (r (@, 7)) x n° (W, ) x b(j))

+ (dilvsmf (r° (u,v)) x n° (u,v) x b(i)) Vs () @ Vs ) |20 (u,0) — 10 (@,9)||

d . s o ‘
. (dEszénj (I‘5 (u,0)) x n’ (7, 7) x b(])) :
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d? d [ d R i o~
dekdécij = 5 (dgkvsani (r5 (u,v)) x n° (u,v) x bl )> Vs (u) @ Vs (u,0) HI"S (u,v) —r° (u,v)H

- (Vsmi (r® (@) x n® (@, ) x b(j))

+% (Vscs?ﬁ (r° (u,0)) x 0° (u,v) % b(i)) Vs () @ Visuw) Hr5 (u,v) —r° (1, ol

d . . o ‘
' <d5kv5‘”’j (r’ (@,7)) x 0’ (@) x b(J))

d s ~ A~
+ <dé_kvsam§ (r5 (u,v)) x n’ (u,v) x b(l)) Vs () @ Vs (u0) ||r5 (u,0) — 19 (UJ))H

4 (vsmg (r° (@,7)) x n° (W,d) x b(j))
+ (vswﬁ (r(S (u’ 'U)) x n’ (u7 U) x b(i)) ' vI“s(u,v) & v1'5(u,v) ||r(S (ua U) —r’ (ﬂ, 6)”

4 (dvsmj (r° (@, ) x n° (w,v) x b(j)>
k

: (vsanj (x* (@ 7)) x 0 (@, ) x b(j))
+ (Vsmf (r‘S (u,v)) x n’ (u,v) x b(i)) Vs (uw) ® Vré(u,v)d% Hr5 (u,v) —r° (1, 5)”

. ((jvssnj (r6 (u,v)) x n® (7,7) x b(j)) ;
k
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d2 d2 .
pr Cj = —= (Vsanf (r 3 (u, v)) x n° (u,v) x b(l)> Vs (uw) @ Vs (u,0) Hr5 (u,v) — 10 (1, 5)“

. (VSM]] (r o (w, 0)) x n’® (7,7) x b(j))

) d ~ ~
+2% (VS5771 ( ( 7”)) X n6 (ua U) X b(2)> ! v1‘5(u,v) ® vﬂ(u,’u)% ”r6 (U7U) - r6 (uav)H
: (vsmj (x* (@) x n (@, 7) x b(j))

;l(s (Vgsnl ( (u,v)) x n’ (u,v) x b(i)) Vs uw) ® Vs (u,) Hr5 (u,v) —r° (1, 5)”
jé (Vsom; (° (@.7)) x 0 (@,5) x b))
+2 (Vsmf (r‘S (u,v)) x n® (u,v) x b(i)) Vs (uw) ® Vré(u,v)d% Hr‘s (u,v) —r° (1, 5)”
jé (Vsom; (° (@.7)) x 0 (3,5) x bO)
+ (Vi (1 (u,0) x 0 (1, 0) X b)) - Ty 1) @ Fasu || (1,0) = 27 (@,9)]

2 |
2 (Vson; (7 (@.5)) x n® (@.5) x b))

2
+ (Vganf (r‘s (u,v)) x n° (u,v) x b(i)) Vs (uw) ® vra(u,v)% Hr5 (u,v) — r° (@, i?)”
: (vsénj (x* (@) x n’ (@, 7) x b(j)) .

Lemma 5.4. The followings hold for A;.

20T (e () X () BO) (Ve (6 ) x 6 (1) BO)
der (60) [V o775 (x* (u, )|
2v (Vgsms (r° (u,v)) x n° (u,v) -b(i))2i9§75.
(D) [IVsos (8 (u,0))|* der "
d2 W 2 (Vs (2 (u,v)) x 0’ )b (Vgsg; (82 (u,0)) x 0d (u, v) - b(i))(s- s
i ik 04l
dende (¢ )nvymuwuwm
+4V(Vsmf (r® (u,0)) x 00 (u,v) - bD) (Vgs; (r0 (u,v)) x 0 (u,v) - b)) 65 d d g
(b0)* [ Vgsm5 ( 1“5 (u, )|’ dey "
+4V(V557]f (r‘;( )) x nd (u,v) - pli )(Vssgo ( (u, )) (u,v)~b(i)) 5“i 4
(b2>)2n<755n1 (r? (u, 0))]° dey !
(Vsom( (u v) (u,v) bl ) d2 575
(M»ﬂvynréuMNS deydey "
(Vsan( uv) n’ (u,v) - b(z) eaéd

(b)Y [ Vsoms (@ (won)]* dex ="
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(VSé’I]Z ( (u, v)) x n® (u,v) - b(”) (Vsém ( (u, v)) x n’ (u,v) -b(i))
db (WUHme@W%WNQ
2u (Vssnf (r5 (u,v)) x n’ (u,v) -b(i))2 d s
(b©0)* [Vang (0% (w,0)))® A0

d? ‘ QVd% (Vssng (r0 (u,v)) x n? (u,v) - b®) d% (Vesns (r° (u,v)) x n? (u,v) - b®)
ds* (60)" 17 5o 5 (o))

2v (Vgsn$ (rf (u,v)) x n? (u,v) -b(i)) A (Veon§ (r? (u,v)) x 10° (u,v) -b®)

(bO)* Vo (2 (u, 0))IP
8v (Vgsms (r% (u,v)) x n® (u,v) - bM) L (Vgsns (r° (u,v)) x n% (u,v) - b®) ig?»‘s
(bD)* 1V o5 (22 (a,0))]” @

2 (Vssni (r° (u,0)) x m° (u,0) - b@)* @2
(b0)* Vs (7 (o)) A8
o ¢ ) 00 W0 ()
(bt )) s’ ’

IV s (0 (u, 0))|*

2 N (dakvssnz ( (u,v)) x n® (u,v) - plé ) d% (Vganf ( g (u,v)) x n® (u,v) - b(i))
degdo ™" ()" 1757 2 ()
2v (Vgsns (0 (u,v)) x n° (u,v) - @) L d&dsk (Vssns (r0 (u,v)) x n? (u,v) - b))
(b)* Vs (28 (u,0)*

4v (Vssnf (r5 (u,v)) x n? (u,v) - bl )) 5 (VS“% ( (u, v)) x n° (u,v) - b(i)) d =

(6®)" Vg (2 (w,0))|I” de

+ - -0
(b)Y |V 57 (x9 (u, )| dg
2v (Vgsn§ (v (u,v)) x n° (u, )b(i))2 s
(6O |V g% (x (u, )] deyds
6 (Tser (1 () X0 (0,0) bO)” d s d e
(bD)? |V g2 (9 (u, )| dep " do "
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Lemma 5.5. The followings hold for 0?’6.

(1]

2

3

(4]

(5]

6

(7]

=

(10]
(11]
(12]
(13]

[14]
[15]

[16]

)6 2
d@f — 5 i |Vgspill” + Vgsn, - Vissp;
dEk ik 9(?.75 9
1
dos° A R
as g0 ’
1
)6 2
d*0; I Vssn X Vespil|” ¢ o
= 3 57.l52k7
degde; (eg,é)
1
d20°°° in‘?-in‘?—&-idZVa‘?-Va?
i o ds VSTl e, VSTl dodey, ¥ S8 597
derdd - 0:’5 '
&V sonf - Vesni i ||Vss s> + Vigan, - Vsipis .
(e 60 "
i 1
2 2
d07° =Vt - Vi + g5V - 5Vssn; (g5 Vsens - Vsng)
d52 92‘,5 (06,5>3 :
1
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