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Abstract

Partial regularity is proved for Lipschitzian critical points of polyconvex functionals provided || Du|| 70
is small enough. In particular, the singular set for a Lipschitzian critical point has Hausdorff dimension
strictly less than n when || Du|| j.cc is small enough. Model problems treated include

/|Vu|2+|detvM|2,
2

where u : 2(C R2) — R2, and
/ |Vul> + |Vul® + |Ad Vul* + |det Vul®,
2
where u: 2(C R3) — R3 with s > 2. Moreover, it is shown that the singular set of a Lipschitzian global

minimizer has Hausdorff dimension strictly less than .
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1. Introduction

We study regularity for critical points of the following variational integral

k
I(u):/Fl(Du)—f-ZFi(A,'Du) (1.1)
o i=2
where u : 2(C R") — R, and Fi(P) are convex functions in P fori =1,..., k.
Regularity for minimizers or critical points of functionals of the form
1(u) :/F(x,u, Du) (1.2)
2

has been studied extensively in literature. In particular, when F (x, u, p) is convex in p, regularity
results for minimizers and critical points of (1.2) can be found in many literatures (for example
[6,12]). When N > 1, natural assumption on F is F being quasiconvex in p. Existence theory
for minimizers of (1.2) in such cases are well understood (see for example [6,12] and [1]). As
for regularity results on minimizers of quasiconvex functionals, a well-known result of Evans [2]
shows global minimizers of [, F(Du) with strongly quasiconvex integrand are smooth outside
a closed subset of Lebesgue measure zero. (See [3] and [7] for general cases.) This result was
extended by Kristensen and Taheri [10] to the case of strong local minimizers (local with re-
spect to variations in W17 for p < o0). Recently, Kristensen and Mingione [9] proved, under
suitable growth assumptions, that the singular set for Lipschitzian minimizers of strongly quasi-
convex functional has Hausdorff dimension strictly less than n. We also refer the readers to [8]
for a complete treatment for singular set of minimizers in the case of convex integrals. This is in
sharp contrast with the regularity results on critical points of quasiconvex functionals. Striking
counterexamples constructed by Miiller and Sverak [14] show that in general, one cannot expect
any partial regularity for a critical point of strongly quasiconvex functionals without further as-
sumptions on the structure of F. More precisely, they constructed a smooth strongly quasiconvex
functional of the form f o F(Du), where the second derivative of F is bounded and the corre-
sponding Euler-Lagrange equation admits a Lipschitz solution u yet u is not C' on any open
set. This is extended by Kristensen and Taheri [10] to the case of weak local minimizer (small
variations in W1’°°), showing that weak local minimizers can be nowhere C 1 When F is rank
one convex with bounded second derivative, Moser [13] proved that any Lipschitz critical points
with small BMO norm is smooth.

Our model was motivated by nonlinear elasticity. Most of the model problems from nonlinear
elasticity involves polyconvex functionals, i.e. a convex function of the various minors of Du.
Recall that polyconvexity implies quasiconvexity. Since the model problem we study here does
not fit into the category of quasiconvex (or rank one convex) functional studied in [2,9,10,13] due
to the growth control assumptions, it is interesting to study the regularity problem separately. The
model was first introduced by Fusco and Hutchinson [4,5] where they proved partial regularity
for global minimizers in Sobolev spaces. The method there relies crucially on the fact that u is
a minimizer. It is not known whether any partial regularity can be expected for critical points of
this model. In general, one cannot expect partial regularity result for the critical points of strongly
polyconvex functionals as shown by Székelyhidi [16]. In the similiar spirit as counterexample by
Miiller and Sverak [14], Székelyhidi constructed a smooth strongly polyconvex function whose
Euler—Lagrange equation has a Lipschitz yet nowhere C! weak solution. This shows one cannot
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expect partial regularity for the critical points of polyconvex function without further assumptions
on the structure of F.

In this paper, we restrict our attention to problems of the form (1.1). Some model problems
treated include

/|Du|2+ |det Du/|?
2

where u : 2(C R?) — R2, and

/ |Du|?> + |Dul® + |Ad Dul|® + |det Du|®
2

where u : 2(C R?) — R3 with s > 2.

The main result is that Lipschitzian critical points for (1.1) with small || Du|z~ are C'*
except on a closed set of Hausdorff dimension strictly less than n, for each 0 < o < 1. Higher
regularity follows from standard bootstrapping arguments. It is also shown that the singular set of
any Lipschitzian minimizers of (1.1) has Hausdorff dimension strictly less than n as a byproduct.

Our main observation is that for critical points with small || Du ||z~ , we can prove Caccioppoli
type inequality. The proof relies essentially on the fact that determinant is a null Lagrangian.
A standard blow up argument then concludes u is smooth away from a set of measure zero.
Caccioppoli inequality can be also proved in the minimizer case following Evans’ idea [2]. Once
we have Caccioppoli inequality, we can follow Mingione and Kristensen’s idea [9] to reduce the
Hausdorff dimension on singular set.

The paper is organized as follows. In Section 2, we introduce some preliminary notations
and state the main results. In Section 3, we prove Caccioppoli inequality for critical points with
small || Du|| . In Section 4, we prove Lipschitzian critical points with small || Du|| e~ are C L
except on a closed set of measure zero. In the last section, we prove reduced Hausdorff dimension
estimate on singular set for Lipschitzian critical points with sufficiently small Lipschitz norms or
any Lipschitzian minimizers.

2. Preliminaries and main results
2.1. Notations

We use the following standard notation:

B, = {yeR": [y <t},
B(x,r)= {yeR”: ly — x| <r},

fremf s
E E
(= 1

B;
Prxr = ][ s
BXJ
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“f — fin L*” denotes weak convergence,

“f — f in L¥” denotes strong convergence.

375

Given n x N matrix A, for 1 < k <min(n, N), ArA denotes a vector whose coordinates
are k x k minors of A, and for two n x N matrices A and B, following symbols in [4] Sec-

tions 2.1, 2.2, we write
k—1
A(A+B)= AyA+ ) A iA® AiB+ AB,
i=1
AgA =AgB =1.

2.2. Properties of Ay Du

Letu:2(CR") — RY be a smooth map, for any u = (i1,..., i), A = (A1,
have

1k
(AkDu) s, = det[ Dy, utT]; .,

i=1
Throughout this paper, we abbreviate (2.1) as
A;Du = Z D ® Aj_1Du).
And similarly, for any smooth function ¢ : 2(C R") — RY, we use abbreviation
Ai-1Du® Dp=Y_ D(¢® A;_ Du).
In particular, all 1 < j <i — 1 we can write
Ai—jDu® AjDu=c(i, j)A; Du

ce AE), We

(2.1)

2.2)

2.3)

(2.4)

with ¢(i, j) = ],(l’—l]), > 1. We refer the readers to [4] Sections 2.1, 2.2 for further properties on

AgDu.
2.3. Main results

Suppose u : 2(C R") — RV Consider functionals of the form
k
1 (1) =/F1(Du) + Y F'(AiDu).
o i=2
Assume F' satisfies the following hypotheses:
(H1) FiisC%fori=1,...,k;
(H2) s >2;
(H3) (a) [D*F'(p)| < ra+ P2,
(0) Do s Fl()EFE] >y (L4 |pI2)IEP
L

forall £ € MN*" some I', y > 0;

(2.5)
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(H4) Fori=2,‘...,k,
@ [DFU()I < Tlgl*~2,
(b) Dyyq F'(@)6atp > v1al 21617

forall £ e R?, some I,y > 0.

Remark 1. We remark that for partial regularity for global minimizers in Sobolev spaces [4], one
needs s >n — 1 forn > 2.

We say u is a weak solution to Euler-Lagrange equation corresponding to (2.5) if u satisfies
k
0:/DFl(Du)Dgo+ZDFi(AiDu)Ai_1Du@D(p (2.6)
o i=2
for any ¢ € C§°($2, RM).
The main theorems of this paper are

Theorem 1. There exists a constant M = M(I", y,s,n, N, k) > 0 such that if u € Wl jsa
weak solution to (2.6) with || Du| e~ < M, there exist an open set §20 C 2 and p = p(n, N, s,
y, I, ||Dul|p~, k) <n, such that

HP (2~ 20)=0, ueC ()
forall0 <o < 1.
Theorem 2. If u € W™ is a global minimizer of (2.5), there exist an open set 20 C 2 and a
constant p=pn, N,s,y, I, |ullyi.«, k) <n, such that
HP (2~ 20) =0, ueC"*(2)
forall0 <a < 1.

3. Caccioppoli inequalities

Lemma 1. There exists a constant M = M(I", y, s,n, N, k) > 0 such that for any constant matrix
A satisfying |A| < M, ifu € W™ satisfies

k
0= f DF'(A+ ADu)D¢ + / Z DF'(A;(A+ADu))Ai—1(A+ADu)® Dg  (3.1)
2 2 =2
for any ¢ € C(C)’o(.Q) and M| Dul|p < M, then there exists c =c(M,s,y,k, I',n, N) such that
for any B, € 2 and any a € RV,

f|Du|2+/\S*2/|Du|5+|A|S*2/|Du|2
Br Br Br
2 2 2

k
+272Y / A AF2|Ai (A +2.Dw) = Ai ()

i:2B£
2
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k
+272Y /\A,-(A +2Du) — 4;(A)|
i=2p,
2

C c _ Cc _
<—2/|u—a|2+—sxs 2/|u—a|§+—2|A|S 2/|u—a|2.
r r r
B, B, B,

Proof. Since u is a weak solution of (3.1), using (2.3) and the fact that determinant is a null
Lagrangian, we have

0= /[DF‘(A +ADu) — DF'(A)]- Dy
2

/Z [DF'(Ai(A+ADu)) — DF'(A;(A))](Ai—1(A + 2Du) © Dg) (3.2)
i=2

forany ¢ € C;°(£2). If u € wh °°(.Q) then (3.2) remains true for any ¢ € W **(£2) by approxi-
mation. For any B, € £2, letn € C (Br) where n=1on B; and | Dn| < ;=;. We consider

90 =n*(u —a) € Wy (),

then it follows from (2.3) that

0= /[DF‘(A +ADu) — DF'(A)] - Dgy

k
+/Z [DF'(Ai(A+ADu)) — DF'(A;(A))]Ai—1(A + 1Du) © Dy,
i=2

i.e.

f[DFl(A +Du) — DF'(A)] - n* Du
2

k
+r1/2n2[[DFf(A,-(A+wu)) — DF'(A;i(4))](Ai(A + ADu) — A;A)]
o i=2
—/[DFl(A +ADu) — DF'(A)] - 2n(u —a) © D
2
/Z [[DF'(Ai(A+xDu)) — DF'(4;(A))]
i=2
-( i—1(A+ADu) © 2n(u —a) © Dn)]

[Zn [[DF'(Ai(A+ArDu)) — DF (A;(A))]

i=2

-( "(Ai(A+ADu) — A;A) — Ai—1(A + ADu) © Du)]. (3.3)
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We estimate left side of (3.3) from below

L= /[DF‘ (A+xDu) — DF'(A)]-n*Du

22

k . .
+a7! / Y [DF (Ai(A +ADu)) — DF'(Ai(A))]n*(Ai(A + 1Du) — Ai(A)).
o i=2
It follows from assumptions (H3) and (H4) that
1

AL = / nZ/DzFl(A +tADu)dt ADu - 2 Du

B, 0

& 1
+fn22[f D*F'(AiA+7(Ai(A+21Du) — AA))dt

B i=zLy

(Ai(A+1Du) — A;A) - (Ai(A+ ADu) — AiA):|

1
>fn27/(1+|A+rADu|s_2)dr |»Dul*
B 0

y

k 1
+/n2y Z[ /|A,~A +7(Ai(A+ADu) = A A)[ T dr
B

i=2

| Ai(A + ADu) — A,~A|2:|.

From [2, Lemma 8.1], there exists o > 0 such that for any two n x N matrices B and C,

1
o(ICP 2 +|BI*?) < /(1 —1)|C+1BI'2dr
0

1
< / |C +tB* % dx.
0

Thus

AL >oy/n2(1 + A2 + |ADu|*~?)|xDul?
B,
k
+oy / Y (14 AF ™2 + | A (A +2.Du) — A A7) Ai(A + 2Du) — A Al
B, i=2



S. Cho, X. Yan / J. Math. Anal. Appl. 336 (2007) 372-398 379

zay / 2(12Dul® + [ Dul* —i—ay/ ZyA (A+2Du) — A Al
Br Br =2

+ay/ Z|A APF72| A (A + 1Du) — A, A| +oy/17 |AI*2[ADul>. (3.4)

=2

B, B,

For simplicity of notations, if not specified otherwise, ¢ denotes a constant possibly depending
on the given parameters y, I, n, N, s and which may change from line to line. Next we estimate
right side of (3.3) from above. By assumptions (H3) and (H4), we have

1
—//DZF](A+IADu)thDu~2n)»(u—a)Dn
B, 0

i=2

1
—/ |:/D2F’ (AiA+1(Ai(A+ADu) — A;A))dt
0

By

(Ai(A+21Du) — A;A) - (Ai—1 (A + ADu) © 2ni(u — a)Dn)}
k ' |
o =2
~(Ai(A +1Du) = AiA = Ai—1(A+ 3Du) © ADu)]

<c(r)//(1+|A+zwu|f—2)dr|wu|;nx<u—a)Dn}
B, 0

+c(F)/Z|:/|A A+1(Ai(A+1Du) — A A)[ " de

B, i=2 0
-|A,-(A+/\Du)—A,-A}|A,-_1(A+/\Du)||nx(u—a)D;ﬂ]

1

/Zn |:/D2F’ (AiA+T(Ai(A+ADu) — A;A)) de

(Ai(A+1Du) — A;A)(Ai(A+ ADu) — AjA — Ai—1(A+ 2Du) © kDu)j|

<elrs) [ (H1AP7 4 1Dul )k Dullyie - @)D
B\B,
k
bers) [ R [04:AF 2 4+ A+ 20— A4l )
BB, =2
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- |nA(u — a) Dn|| Ai (A + ADu) — A; A|| Ai—1(A + 1Du)|]
1

/Z" |:/D2F‘ (AiA+1(Ai(A+ADu) — A;A))dt
. (Al-(A + ADu) — A;A)

i—1
(ZA, JAOAj(ADu) =Y " Ai 1 jAO A, (ADu)@ADu):|

Jj=1 j=0
=Ri+ R+ Rs.

By Cauchy—-Schwartz inequality,

R =c(T, s) / (1+ A2 + |xDul*~2)|ADu||nr(u — a) Dn|
B/\B,
A —a)?

s et / ['w”'zﬂf‘l“zlwmh|ADu|S+ 12
p—

B\ B;

Au—a)l? N IA(u — a>|“}

s72|
A T T ey

and

k
Ry =c(I, 5) / Z[(|A,-A|H+|Ai(A+,\Du)—A,~A|H)|nx(u—a)Dn|
B\B, =2
- |Ai (A + ADu) — A; A||Ai—1 (A + 1Du)|]
k
< (T, s) / Z|AiA|S’2|Ai(A+ADu)—A,-A|2
B\B, =2
k
+ (T, s) / Z|Ai(A+ADu)—A,~A|S
B\B, =2
k CAIS=2ag2(i—=1)
+C(F,S,k)Z,:2|A1124| M / |A(u—a)|2
(r—1

B\ B,

k s@i—1)
PREGEN) >y / [ —a)f'.
(r—1)°

B\B;

(3.5)

(3.6)

3.7

k 1
R3:/Zn2|:/D2F‘ (AiA+7(Ai(A+ADu) — A;A))dt(Ai(A+ ADu) — A;A)
2 0
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i i—1
- (ZA,-_,-AQAj(wu) =Y Ai1-jAQ A;(hDu) ®ADu>:|
j=1 j=0

k
gc(F,s)/Z[(|AiA|S_2+ |Al~(ADu+A)—A,~A|S_2)|Ai(A+ADu) — AiA|
B, !

o Avn]

-n? Z(j —DA;_;AQ A;(ADu)

j=1
c(l,s) k 2 2 2
<S50 [ S PIAAP R AiA + 2D~ A
B, =2
c(l,s) k 5 s
> e/Zn | Ai (A +ADu) — A Al
B, =2
c(l,s) k d ?
+ O [ PIAAR Y G = DA A © 4,000
B, i=2 j=1
c(Is) [ o= o] '
+ =, fzn > (= DAi_jA® Aj(\Du)
B i=2 1j=I
c(I's) = . >
< e/Zn | A; AP 2| Ai (A + ADu) — A; Al
B, i=2
c(l,s)
&

k
> /Zn2|Ai(A+ADu)—AiA|S
B i=2

-

Fos k) SOk (MI6=2 26D 4 pps=D ‘
+C( 5, k) Y i + )/n2(|ADu|2+|kDu|5). (3.8)

2¢e
B,
(3.5)—(3.8) give
_ AMu—a)? L —a)l?
AR < ADul? + |A*2|ADu|?® + |»Dul|* A u —a)l” A2 ——
c/[l ul”+ [A*"“|ADu|” + [ADul’ + =12 + |A] r—1)2
B.\B,
A(u—a)l®
(r—1)*
k
+c / Z|AiA|S_2|A,-(A+)LDu)—AiA‘2
B\B, =2
k ; k M2(i—l)|Al_A|s—2 5

B\B, =2 i=2 B:\B,
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Ms(z 1)
+ec 5 /|A(u—a)\
BA\B,

c(F s)

/2’7 | A AF72|A; (A + 2Du) — A, A|
i=2

By

e(Is) <
+ = S/Zn2|Ai(A+kDu)—AiA|S
B, i=2

N C(F, s, k) Zifzz(Mi(s—Z)MZ(i—l) + Ms(i—l))

2e
B,

(3.4) and (3.9) give

k
/ 2(1ADul* + |AF 2 |ADul* + |ADul*) + | n* Y _|Ai(A + 1Du) — A; A)[’
B, B, i=2
a 2
N> > 1AiAP 2| Ai(A + ADu) — A; A)]
B, i=2

<c / IADul* + |AI*"2|ADu|? + |ADul|*
B\B,
k
+c / Z|A,»A|X*Z|A,-(AerDu)—A,-A|2
BB, =2

Au—a)* | |r—a)l
+e / Z|A(A+ADM)—AA| +e / PR —

B\B, =2 B/\B
IA(u — a)|? M2E=DA; A2 /
Ap—2 T AMu—a
ve [ )2+Z 172 pu—al
BA\B i=2 B/\B,
k .
Ms(zfl) S
c AMu—a)|
e ooy [ o
i=2 B/\B,

k
c(I',s,y,n, N _
+#e/§ n?|A; Al 2|Ai(A+ADu)—AiA}2
2 ,
) i=2
c(l,s,y,n, N
+ ( v, )

> /Zn2|A (A+ADu) — A Al

i=2

r

2(|]xDul? + |»Dul*).

3.9)
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(s kv, NYS K (MiG=2 pg2G=1 4 pgs=D
+ ( Y ) iz )/n2(|wu|2+|wu|S).

2¢e
B,
(3.10)
Choose ¢ such that
c(I'ys,y,n,N)e=1,
then choose M such that
c(Ios ky n N) (MO M0 + D)
2¢ S
Then (3.10) implies
k
f[|kDu|2+|A|s_2|ADu|2+|ADu|S]+/Z|Ai(A+)»Du)—A,-A|S
B, B, =2
k
+/Z|A,~A|S’2|A,~(A+)»Du)—A,~A|2
B i=2
2 s—2 2 K
<c / [IADul* +|A[*"*|ADul” + |ADul*]
B\B,
k
te / ST IAAP T2 Ai(A + 2Du) — A Al
B\B, =2
k
+c / Z|Ai(A+kDu)—Al-A|S
B\B, =2
|A(u —a)|? ohu—a)  Au—a)f
+ — A + ) 3.11
‘ [ [ ooz AT (r—1)? G0
B\B;

Here c=c(M,s,y,k, ',n, N). Add

k
c[/[|wu|2+|A|f—2|wu|2+|xDu|S]+/ZyA,-(A+,\Du)—A,-AP
B, i=2

B,

k
+/Z|A,<A|s2|A,<(A+)»Du)—A,~A|2i|
B, i=2

on both sides of (3.11), then divide A? on both sides, the conclusion now follows from straight-
forward extension of Lemma 5.2 of [2] (see also [6, Chapter 5, Lemma 3.1]). O
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4. Partial regularity

In this section, we prove partial regularity theorem. Consider the following quantity:

| N

Ulx,r) = ][ |Du — (Du),.,|* + | Du — (Du),.,

B(x,r)
+ ][ |(Dw)e, || Du — (Due, [
B(x,r)
k s —2 2
+ ][ [Z(|A,~(Du)x,r|‘ | Ai(Du) = A (D), |)
B(x,r) i=2
+ | Ai(Du) — Ai(Du)x,rP]. 4.1

We first prove the following decay estimate.

Lemma 2. There exists Lo = Lo(n, N, s, k,y, I') > 0 such that for any weak solution u of (2.6)

with ||Du|pe~ < Lo, and each 0 < T < % there exists ey = &o(t, Lo) such that for every

B(x,r) C $2,
Ux,r)<eo
implies
Ux,tr) <c1t2U(x,r)
for some ¢y = c1(Lo).
Proof. We choose c{(Lg) later. Assume the lemma fails for some Lg and 7 fixed. By assumption
there exists ball B(x,,, ;) C 2 such that || Du||p~ < Lo, U (X, rm) = 0 as m — oo, and
U@, Trm) > 172U (X ). 4.2)

We will prove a contradiction to (4.2) for some sufficiently large c; = c1(Lg). In the following,
we use ¢ denote a constant which may depend on L, but not on 7 and m, and which may change
from line to line. Let

A2 =U Xy, ).

Then A,, # 0 (otherwise Du is constant on B(x,,, ;) and so both sides of (4.2) equal zero,
contradicting (4.2)). Define

am = (”)xm,rm , Ay = (Du)xm,rm
and

u(Xpm +rmy) — am — rmAny

Am¥m

VU (y) =

for all y € B1(0). Then
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Dy (y) = 2 (DuCem + rmy) — Am),

(Dvm)z = Ay, ((DW) sy 21 — Am),

Dvp(y) — (Dup)e = Ay (Dt + rmy) — (Dit)x,y zr,)
(Wn1 =0,  (Duy); =0,

1=][ | DV |? + 2572 Do | + | A |* 2| Duyy |2

B
k
+][ S 14 A 2052 | Ai G D + Aw) — A Ay
B, —i=2
k
+][ ZA,;2|Ai(AmDvm + Am) — AiAn|’ (4.3)
B, =2

and v, satisfies for any ¢ € C(‘)’O(B])

0= /[DFI(Am + D) — DF' (A) | Do
B

k
+ / > {[DF (Ai(An + A Do) — DF (AiAp)]
B, i=2
[Ai=1(Am + Am D) © Dyl}. (4.4)

Passing to a subsequence we claim there exists a n x N matrix A and some v € W'2(B) that

(i) A,;, — A pointwise,
(i) vn — vin WhH2,
o 12 . .
(iil) Ay ‘vm — 0in WL (if s > 2),
(iv) |AiAn]3 A1 A Dy, — 0in L2, 2 <i <k,

i_2
(V) A * AjDvy — 0in LS, 2 <i <k,

(vi) Aanvm — O a.e. forany 6 > 0.

The proof of (i)—(iii) and (vi) follows from [4, Section 5B]. To prove (iv) and (v), we ob-

servze the last equation in (4.3) implies | A; A, | %_lkin’l A; Dvy, is uniformly bounded in L? and
)\i,l—;A,-Dvm is uniformly bounded in L® fori =1, ..., k. In fact, when i = 1, Duv,, is uniformly

bounded in L2 by (4.3) and for 2 < i <k,

- - 2
/*35 2|AiDvm|2<2sz/|/1,-(f\mHmDum)—/1,-Am|

B By
2

i—1
+ 2)\;12/ ZA,-,,-Am © AjAm Doy,

B j=1
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< 2,\;2/|A,~(Am + dm D) — Ai A |

By
i—1 .
—i—c(k)fZ|A,~_.,~Am|2}»,%{_2|AjDvm|2. 4.5)
B Jj=1
By assumption, |A,,| < Lo, therefore |A; A, | < c(Lo). This, together with (4.3), (4.5) and
induction on i, implies |AiAm|%’1)L£”_1Al-Dvm is uniformly bounded in L% for i =1,..., k.

i—2
The boundedness of )»in * AiDvy, in L* can be proved similarly using induction on i. Once
we have uniform boundedness of |A,~Am|?’1)¢n’ ' A;Dv,, in L? and uniform boundedness of

i—2
k£,1 * A;jDvy, in L®, one can apply the induction proof of [4, Section 5B] to show (iv) and (v)
holds. Using (i)—(vi), it follows from the proof in [4, Section 5B] that the limit function v satis-
fies the linear equation

k
0= / |:D2F1(A)Dng0 + Z D*F(A;A)(Ai—1A® Dv)A;i_1A O 04. (4.6)
B, i=2

By standard regularity results (see for example [6]) we have for any T € (0, 1) that

][ !Dv—(Dv)r!2<CT2—][ |Dv — (Do) |* < c7? (4.7)
B, B

and
[(Dv)2r — (Dv)[* < et?, 4.8)

where ¢ depends only on elliptic constant of system (4.6) and hence on Ly.
On rescaling (4.1) using (4.3) we have for any t € (0, %) that

2 o

U(xm,rrm)=][ A2 | Doy — (Dup)e|” + A5, | Dy — (Dvw)e |’
B:

+f )L3n|Am + A (Duy )<

B:

k
+f Z(|Ai(Am+)¥m(Dvm)r)|S_2
B, =2

"~*|Dvy — (D). |

| Ai (A + A D) — Ai (A + A (D)2 )
k
+][ D | Ai(An + A Dvw) — Ai (Am + ke (Dvw)e ) [
B: i=2
Setting
Wy (2) =V (2) — (Dvm)rz2 — (Um)2r- (4-9)

Then w,, € W is a weak solution to
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OZ/DFI(A,,, + A (D)t + Am Dwy) Do
By

k
+y° /DF" (Ai (Am + A (DVm)z + A Dwyy )
i=2 B,
: Aifl(Am + Am (D)< +Amem) © De.

Moreover, Ay, || Dw;y, ||pe < 2||Dul|p~ =2Lg. Let By, = A, + Ay (Dvy)¢, then | By, | < Lo.
Apply Lemma 1 in Section 3 to w,,, we find a Lo = Lo(n, N, s,k,y, ") > 0 such that if
Al Dwy || Lo < 2L and By, = A, 4+ Ay (Dvy ) < Lo, we have

A 2U (X, Tr) = ][ [IDwml? + 152 Dw | + | B |* 2 Dwi |*]
B

k
_ _ 2
+km22][ [14i B |* 72| Ai (B + dm Dwin) — A; B
i:ZBr
+ | Ai (B + A Dwi) — A; B’
C C _ C _
< ﬁ][ |wm|2+r—s][ Ml + 5 Bl 2][ i
BZI B2r BZT

for some constant ¢ = ¢(Lo, n, N, s, k,y, I"). Passing to the limit, using (i)—(vi), the Poincaré
inequality, (4.7) and (4.8), we obtain
. Ulp,trm) _ ¢ 2
lim sup ———"- < —2][ [v— ()2r — (D) y|
m—o00 )"m T
B¢
c 2 2
<5 f Io= @1 = @0l + [D01z: - DV
By
< c][ |Dv — (Dv)zt|2 +ct?
By
< (Lot

This contradicts (4.2) if c¢1(Lo) is chosen larger than ¢ (Lg). O

Remark 2. Using the fact that
lAm + AmDomlloc < Lo, |Amloo < Lo,
AmDvy, — 0 strongly in L2,
we can immediately derive (4.6). Here we felt it might be of interest to point out further properties

®—(vi).

A standard iteration and bootstrapping argument implies Theorem 1 with singular set £2 ~ £2
where £2 is



388 S. Cho, X. Yan / J. Math. Anal. Appl. 336 (2007) 372-398

Q0= {xe.Q: lim 4 |Du—(Du)y,|* =0and
r—0
B(x,r)
lim |A,-Du—A,-(Du)x,,|S=0fori=1,...,k}
r—0
B(x,r)

={xe9: lim ][ |Du—(Du)x,,|2=o}.
r—
B(x.r)

5. Reduced Hausdorff dimension for singular set

In this section, we follow Mingione and Kristensen’s idea [9] to reduce the Hausdorff dimen-
sion of singular set for Lipschitz solutions. In [9], Mingione and Kristensen prove the singular set
for Lipschitzian minimizers of strongly quasiconvex functionals has Hausdorff dimension strictly
less than n. Their main idea is to show the singular set of a Lipschitzian minimizer is uniform
porous. It then follows that the singular set has Hausdorff dimension strictly less than . To prove
uniform porosity of the singular set, their estimates rely crucially on the Caccioppoli inequalities.
The main idea is that the Caccioppoli inequality implies certain Carleson type estimates, from
which uniform porosity follows.

First we recall the definition of (A, k)-porous subset of R” from [15]. We refer the reader
to [11] for further information on porous subsets. Define

p(A,x,r):=sup{p: B(y,p) C B(x,r)\ A for some y € R"}.

Then0< p(A,x,r)<rforallx e R" and 0 < p(A, x,r) < % forallx € A.

Definition 1. For numbers « > 0, A € [0, %] we say that the subset A C R” is (X, x)-porous
provided p(A, x,r) = Ar holds for all x e R"” and all r € (0, k).

Proof of the following lemma can be found in [15].

Lemma 3. There exists a computable, strictly decreasing and continuous function d,, : RT™ — R
with d,, (0) = n, such that whenever A is a nonempty bounded (A, k)-porous subset of R", where
Kk >0andr € (0,3), then dimp A <dy (1) <n.

Proposition 1. Let u € W satisfies

k
f[DF‘(Du)Dw+ZDF"(A,-DM)A,-_IDM®D<p} dx =0
Q i=2

for any ¢ € CSO(SZ). Then there exists Mo = Mo(n,N,s,k,y, ") > 0, such that if

| Dul| o < Mo, then for every linear map b(x) = ug + (zo, x — xo) with ug € RV, z9 e RN
and |ug| + |zo| < Mo, and every ball B(xg, 2r) C §2, we have

|Du — Db|*> 4+ |Du — Db|* + |A]* 2 / |Du — Db|?

B(xo,r) B(xo.r)
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k k
_ 2
e ar? [ aon-aonf+y [ glaow - aob]
i=2 B(xo.r) =2 B(xo.r)
< u—bP+ = f lu — b*
rS

B(x0,2r) B(x0,2r)

c
}’2
where the constant ¢ = c(|| Du||p~, My, s, k,y, [',n, N).

Proof. Let v(x) =u(x) — b(x). Then v € W' satisfies

k
0= / DF!'(Dv+ Db)Dy + Z DF! (Ai(Dv + Db))Ai_l(Dv + Db) © D¢
o i=2
for any ¢ € C3°(£2) and || Dvl[p~ < 2Mo. We apply Lemma 1 to v with A =1,a =0, A=
Db = zg. The conclusion follows easily. O
If u is a Lipschitzian global minimizer of (2.5), we have
Proposition 2. Let u € W% be a global minimizer of (2.5). For each L > 0, there exists a con-
stant ¢ = c(||Du||p~, L, s, k,y, I',n, N) such that for every linear map b(x) = ug+ (20, x — x0)

with ug € RN, zg € R™N and |ug| + |zo0| < L, and every ball B(xo, 2r) C 2, we have

|Du — Db|* 4+ |Du — Db|® + |Db|* 2 / |Du — Db|?

B(xq,r) B(xq,r)

k k
+Z|A,-Db|s_2 / |A,»(Du)—A,-(Db)|2+Z / |A;(Du) — A;(Db)[’

i=2 B(xo.r) =2 B(xg,r)
k C k C k C
_ _ bl _— _ p12i I — pISI
<D / e —bl + 3 — / u—b 4y / lu— b}
J=2 B(xp,2r) =1 B(xp,2r) =L Bxg,2r)

Proof. The main idea follows Evans [2, Lemma 3.1], we sketch some details for reader’s conve-
nience. We may assume xo = 0. Let r < < 7 < 2r and choose ¢ € C§°(£2; R) satisfying

¢=1 onB, =0 on )\ By,
C

T—1

9
0<¢<l, [Dg|<
Define
¢ =c(u—Db), v=0-¢)u-b);
then
D¢ + Dy = Du — Db.
Since supp ¢ C By, hypotheses (H3), (H4) and (2.3) imply
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k
/ F(Db+ D¢) = / Fi(Db+ D¢)+ Y F;(Ai(Db+ Dg))
B, B, i=2
k
— [ Aok + Y- Fcann)

5. i=2

1
+//(1 —1)D*F(Db +1D$)DpDp dt
B; 0
x 1
+Z/ (1 — ©)D?F;(A; Db + t(A; (Db + D¢) — A; Db))
i=23r 0
- (Ai(Db + D¢) — A; Db)(A;(Db + D$) — A; Db)
k
> [ Fiob) + Y- Fcaion)

B, i=2

1
—l—y//(l —7)(1+|Db+tD¢|*?)|Dp|* dt
B; O
1

k
+VZ//[(1_T)(‘AiDb—i_T(Ai(Db‘l‘D(f’)—A,-Db)}s_z)dt

iZZBf 0
.| Ai(Db + D¢) — A, Db|’]
>/F<Db>+oy/|D¢|2+|D<z>|s+|Db|f—2|D¢|2
B; B;
a 2
+oyZf|AiDb|S—2|Ai(Db+D¢)—AiDb|
i=2p
+|Ai (Db + D¢) — A; Db|’. (5.1)

In the last inequality, we use Lemma 8.1 of [2]: there exists o > 0 such that, for any two n x N
matrices A and B,

1
o (A2 +|BI7?) < /(1 —0)|A+ B %dr.
0

On the other hand,

f F(Db+ D¢) = / F(Du — DY)

B B,
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k
:/Fl(Du—Dw)—i-/ ZFi(Ai(Du—Dw))

B, B, =2

:/Fl(Du) — DF(Du)Dyr +/D2F1(Du — 1(x)DY) Dy Dyr
B; B,
k
+ / Z Fi(A;iDu) — DF;(A; Du)(A;Du — A;(Du — D))
B. i=2
k
+ / Z D*F;(A; Du + t(x)(A; Du — A;(Du — D))

B, i=2

- (AiDu — Aj(Du — DY))(A; Du — A;(Du — D))
k

g/Fl(DuHZFi(AiDu)
B,

i=2

k
- f DF,(Du)Dy — / Y DF;(4; Du)(A; Du — A;j(Du — Dy))

B, B, =2

+e(l,s) / (1+1Dul*=2 + Dy ~2) | Dy |?
Br

k
+el /(|Al~Du|“2 +|Ai Du— A;(Du— Dy)|* )
i=2 B,

| Ai Du — A;(Du — DY)[. (5.2)

Since u is a minimizer, supp ¢ C B;, we have

fF(Du) g/F(Du—D@

B By

= / F(Db+ D)

By

k
=/Fl(Db—i-Dl/f)—i-/ZFi(A,-(Db—i-Dt/f))
B, =2

By
k
= [ b+ DEDHDY + [ 3 Fiaib)
B, B, i=2

+/D2F1(Db+r(x)D¢)Dwa
B
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k
+ / Y DF;(A; Db)(Ai(Db + D) — A; Db)

B, i=2
k

+ / S D2F; (A Db + 1(x) (Ai (Db + DY) — A; Db))

B, i=2

- (Ai(Db + DY) — A; Db)(A; (Db + D) — A; Db)

< / F(Db) + / DF\(Db)Dy

B; B;

k
+/ZDF,-(A,-Db)(A,-(Db+D1ﬂ)—A,-Db)

B, i=2

+c<r,s>/(1 Db 4 (DY) Dy P

B,

k
+els)) / (14: Db 2 + | A;: Db — A; (Db + Dy)[' %)

i=2p
-|AiDb — A;(Db + Dy,
(5.2), (5.3) combined with (5.1) give

oy[(|D¢|2+|D¢|X+|Db|ﬁ‘*2|D¢|2)

+toy Y. / | A; DbI*"2| A;(Db + D) — A; Db|*

+oy Z /|A,~(Db + D¢) — A; Db|*

</DF1(Db)D¢—/DF1(Du)Dw

By B

k
—/ > " DF;(A; Du)(A; Du — Ai(Du — D))

B, i=2
k

+/ > DF;(A; Db)(Ai(Db + DY) — A; Db)

B, i=2

+c(r,s>/(1 +|DbI* 2 + | Dy [ 72) | Dy |?

B

(5.3)
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k
+els)) /(|A,-Db|~?—2 +|AiDb — A;(Db + Dy)|" )
i=2 B,

-|AiDb — A{(Db + Dy’

+c(r,s)/(1 +|Dul*" + | Dy ") | Dy
B

k
+c(Ls) Z /(|A,-Du|s_2 +|A;Du — A;(Du — D¢)|S‘2)
i=2 B,
.| A Du — A;(Du — DY)|?
= R. (5.4)

The right-hand side can be estimated by

1
Rg//|DZF](DM+z(Db—Du))\dr|Db—Du||Dx/f|

B: 0

k
+/Z|DF,-(A,-Du)Ai_1Du — DF;(A;Db)A;— Db||DY|

B, i=2
k i
+/Z|DF,-(A,-DM)| ZAi_jDuOAj(—Dw)’
B, i=2 j=2

k
+ [ Ylprcain)
B, =2

ZA,»,,»Db o} Aj(Dw)'

j=2

+o(Is) / (14 DBl + |Dul~ + [ Dy [*2)| Dy P

By

k
Tty /(ml-DbP—z "

i=2 B.

)

ZAHDb O Aj (DY)
j=1

2

Y Ai_jDbO Aj(DY)
j=1

k
+er) Y [ 14Du?

i=2 B,

2

i
ZAi_jDu © A;(—DY)
j=1

> Ai_jDu® Aj(—-DY)| . (5.5)

j=1

+
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Now since |Db| < L, we have
|Dul*~? < C(L,s)(1+ |Du — Db|*"?)
and
|DF;(A; Du)Ai—1 Du — DF;(A; Db)A;— Db| < ¢(L, ||Vu| )| Du — Db|.

Furthermore D¢ = Du — Db on B; and ¥ = 0 on B;. These together with elementary inequali-
ties

as—lﬂgas_’_ﬂs’ aS—2‘B2<aS+ﬂS ((X,,B}O)
and (5.4), (5.5) imply
y / |Du — Db|*> 4+ |Du — Db|* + |Db|*~%|Du — Db|?

B;
+U)/Z/|A DbI*"2| Ai(Du) — A; Db| +ayZ/|A (Du) — A; Db|’
i= 23[ i= 2B

<c / (1+ Db — Dul*~2)|Db — Du||DY|

B \B;
e [ (141Du = Db 4 D) DY
B \B;
k
e / 314, D¢|+Z|A Dy ? +Z|A Dy’
B\B, /=2 =1

/(|Du—Db| +|Du — DbJ) + ¢ / Z|Dx/f|f+2|01p|zl+|01/f|v)
B\B, B\B, /=2 J=l
(5.6)

for some constant ¢ = c(I", s, k, L, | Dul|z~). Since

c
|DY| < c|Du — Db| + tlu—b|,
T_

from (5.6) it follows that
oy / |Du — Db|* + |Du — Db|* + |Db|*~?|Du — Db|?
B,
—i—ay/ |A; DbI=2| A; (Du) — A; Db|* + | A;(Du) — 4, Db|’
B,

<c(IDullge, L, sk, T) / (IDu — Db|* + |Du — Db|*) dx

B:\B;

e S ((65) +(65))
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Consequently

/(|Du — Db|* + |Du — Db|* + |Db|*"?|Du — Db/?)
By
k
+/Z(|AiDb|“2|A,-(Du) — A,-Db|2+ | A;(Du) — A; Db|")
B, J=2
<6 /(|Du — Db|* +|Du — Db|* + |Db*"?|Du — Db|?)

By

+9f2 |A; Db 2| A; (Du) — A; Db|* + | A;(Du) — A, Db|")
B, /=2

e S n((@=5) + (655))

Here 6 < 1. The conclusion of the proposition then follows from the following extension of
Lemma5.2in[2]. O

Lemma 4. Let f :[5,r] — [0, 00) be bounded and satisfy

k

A B; Cj
— 0 +Z((r 0 —r)“f> G

for some 6 < 1, and all 5 <t <t <r, then there exists a constant ¢ = c(s, 0, k) such that

[ <{Z—+Z( > M)}

f@)<Of(@)+ Z

Proof. This is a variant of Lemma 3.1 in Chapter 5 in [6] and Lemma 5.2 in [2]. Set

[
t,zr<1—%> forl=0.1,2, ...,

where 0 < x < 1 is a constant chosen later. Then
t_—r lim 5 = t —t_—r(l— )x!
=, im r, — .

0 2 ; 1 1+1 1 ) X)X

According to (5.7) we have

k
C.
0 J )
J0) < 0F ) + Z (l1+1 - tl)f +12_; (t1+1 - tz)zf * (ti41 — )%
LA (B
<Of () + [Z7+Z<r J rs1>:|

j=1
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for!/ =0,1,2,.... By iteration, we get

k A k B C 1—1 6 i
Fla) <0 @) +c[2; Sy 2(,7’, 4 r—j)} 2(7) .
Jj= =

i=0 X
Choose x < 1 such that % < 1 then send / to infinity. This completes the proof. O
We quote the following lemma from [9].

Lemma 5. (See [9, Lemma 2.2].) There exists a constant ¢ = c(n) depending only on n such that
for any ball B(xo,2R) CR" and any w € WL2(B(xg, 2R), RY) the inequality

R
2
][ ‘w(y)—(w)x,r—r(Dw)x,r(y_x) dy?dxgc / \Dw|?dx (5.8)

B(xg,R) 0 B(x,r) B(x0,2R)
holds.

Proposition 1 and Lemma 5 give

Proposition 3. Let u € W satisfies

k
/ |:DF1(Du)D<p + Z DF(A;Du)A;—1Du ® D(p:| dx =0

2 i=2

for any ¢ € C3°(82). There exists a constant My = Mo(n, N, s, k, y, I') such that for any weak
solution u with || Du|| L~ < My, there exist two constants

Co=Co(n,N,s,k,y, I, || Dul =), Ry = Ro(Co),
such that for all balls B(xg,4R) C §2 with radii R < Ry, the inequality
R
dr
/U(x, r)—dx < Co
r
B(xo,R) 0
holds. Here U (x, r) is defined by (4.1).

Proof. For B(x,2r) C §2, consider linear map b(y) = (u)x 2 + (Du)x 2-(y — x). Then

sup |u — (u)x2r| <2mr, m=|Dulr.
B(x,2r)

By Proposition 1,
U(x,r)<“;l) ][ Iu—b|2+@ ][ lu—b|*
r rs

B(x,2r) B(x,2r)
<SParem - f w-sp
r
B(x,2r)
c(m,s) 2
=——— — |t = W)x 2r = (Du)y o (y — )|

r
B(x,2r)
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Since
R
o dr
‘u - (u)x,Zr - (Du)x,Zr(y - X)’ dy r_3
0 B(x,2r)
2R
o dr
=4 [ = @wr = (D, (v = 0| dy —,
0 B(x,r)

we get by Lemma 5,
p d
/U(x,r)—rdx
r
B(xg,R) 0
¢ d
2 r
<c(m) ][ / ][ Ju = @ear = (D) =0 dy 5 dx
B(xg,R) 0 B(x,2r)
2R

> dr
< cn.m) ][ /][ Ju— @ = (D) =0 dy 5 dx
B(x09,2R) 0 B(x,r)
<c ][ |Du(x)[* dx

B(x0,4R)
<Lec. O

One can then follow the proof of [9, Section 5] line by line to show the porosity of the singular
set of a Lipschitz weak solution.

Proposition 4. Let u € W satisfies

k
/|:DF1(DM)D<p +Y  DF'(A;Du)Ai1 Du © D(p:| dx =0
5 i=2
for any ¢ € C8°(.Q). There exists constant M = M (n, N, s, k,y, ") > 0, such that for any u
satisfying || Dul|p~ < M, there exists constant

1
A=x(n,N,s,k,y, I, ||Dulr~) € (o, E)

such that for each 2’ @ 2 there is a k > 0 for which ' N 2 is (A, k)-porous.

The conclusion of Theorem 1 follows directly from Proposition 4 and Lemma 3.
The case of global minimizer can be proved similarly.

Remark 3. Under the assumption that F is strongly quasiconvex with the following growth
assumption

|D*F(P)| <c(IPI772+1)
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for some g > 2, then for any global Lipschitzian minimizer of

I(u)= / F(Du),
Q
one can prove the following Caccioppoli inequality

C C
/|Du—Db|2<r—2 / |u—b|2+r—q f lu — b4

B(xg,r) B(xo,2r) B(xo,2r)

using the same approach of Proposition 2. It then follows for this general case, we also have
reduced dimension estimate on singular set for Lipschitzian minimizers.
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